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HGOOD-D: Hyperbolic Hierarchical Exploration for
Graph Out-of-Distribution Detection

Yuntai Ding , Tao Ren , Yiwei Fu , Yifan Wang , Haodong Zhang , Chong Chen , Wei Ju , Xiao Luo ,
and Xian-Sheng Hua , Fellow, IEEE

Abstract—Out-of-distribution (OOD) detection has garnered in-
creasing concern for identifying test samples that exhibit a distribu-
tional shift from the training dataset in practical deep learning ap-
plications. With the significant advancements in graph deep learn-
ing for graph representation, graph OOD detection has emerged as
a research problem. Graph contrastive learning (GCL) is applied to
graph OOD detection due to its capacity for learning discriminative
representations in a self-supervised manner, thereby eliminating
the need for time-consuming and labor-intensive label information.
However, existing methods often neglect the explicit consideration
of underlying semantics behind graph data distribution for OOD
detection. We observe that naive data augmentations in GCL may
inadvertently compromise the intrinsic graph structure while re-
taining redundant structural information, which hinders semantic
discrimination between graphs. Additionally, euclidean space em-
bedding struggles to maintain hierarchical structural consistency,
making it challenging to meaningfully capture the hierarchical
semantic distribution of graph data. In response to these issues,
we propose a novel framework termed HGOOD-D, which aims to
explore latent semantic hierarchies in hyperbolic space for graph
OOD detection. Specifically, we design a bottleneck graph extrac-
tor grounded in the information bottleneck (IB) principle, which
captures the minimal sufficient information to distinguish graph
patterns. Based on this, we introduce hierarchical contrastive learn-
ing to capture the hierarchical semantics within graph data distri-
bution. These methods are based on hyperbolic space embedding
that can preserve complex inter-relationships in graph hierarchies,
thereby mitigating data distortion. Comprehensive evaluations on
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ten widely used benchmark datasets show that HGOOD-D consis-
tently surpasses current state-of-the-art approaches in graph OOD
detection.

Index Terms—Graph out-of-distribution detection, graph con-
trastive learning, hyperbolic embedding.

I. INTRODUCTION

GRAPHS serve as a fundamental structure for modeling
complex relational data and are widely applied across

diverse fields, such as molecular structures [1], biological net-
works [2] and recommender systems [3]. Especially graph neural
networks (GNNs), which leverage neighborhood aggregation
and hierarchical pooling strategies to iteratively update node
representations and generate a final graph-level representation,
have attracted considerable interest over the past decade [4], [5],
[6]. Their powerful representational capabilities have enabled
successful applications in tasks such as node/graph classifica-
tion [7], [8], link prediction [9], and graph generation [10].

Despite their great success, similar to other modern machine-
learning methods, existing GNN models are generally con-
structed with the assumption that the testing data is sampled from
the same in-distribution (ID) as the training set. This assumption
often fails in practical applications, especially when processing
complex graphs with insufficient labeling. As a result, GNN
models always struggle with out-of-distribution (OOD) test data
that were not encountered during the training phase. Ideally,
a trustworthy model should not only work effectively with ID
graphs but also be capable of identifying OOD input samples,
allowing it to take appropriate precautions. This underscores the
essential role of graph OOD detection in real-world settings.

As a fundamental problem in machine learning, OOD detec-
tion has been investigated across various domains, particularly
in safety-critical applications such as medical diagnosis [11] and
autonomous driving [12]. However, most existing works focus
on image/text data [13], [14], [15], and the graph-structured
data has been less explored. Generally, identifying OOD graph
samples is inherently challenging, as non-euclidean graph data
involves both diverse node features and intricate structural
information. Recently, several pioneering studies have started
to study graph OOD detection. For example, GraphDE [16]
takes a graph-generative approach to train a supervised graph
OOD detection model. Since the scarcity of OOD samples,
GOOD-D [17], AAGOD [18] and GOODAT [19] further focus
on unsupervised graph OOD detection models trained from
scratch, post-hoc and at test-time respectively.
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Fig. 1. An example of hierarchical semantic relations in molecular data. The
semantic hierarchy exists in the inherent properties of the molecular structure,
e.g., “molecular instance → hydroxyl group → alcohols → molecule graph”
ranging from fine-level to coarse-level semantics.

However, these existing graph OOD detection approaches
continue to be inadequate for the following reasons: (i) Essential
substructures for graph OOD detection are poorly identified.
OOD graphs differ from ID graphs in several ways, including
feature-level variations (i.e., descriptive features of nodes) and
structural deviations (i.e., graph topologies). These distinctions
can be effectively identified through the examination of the
graph’s substructure, which plays a crucial role in characterizing
graph properties and capturing the underlying patterns of the
data. For example, the OH group at the end of the compound is
crucial in distinguishing between Alcohol and Alkane [20]. (ii)
Fail to retain potential dependencies and inter-relationships
in the hierarchical semantic relationships among graphs.
In the real world, graph datasets inherently exhibit hierarchi-
cal semantic characteristics, which are essential for capturing
the underlying data distribution. As shown in Fig. 1, starting
from the hydroxyl group (OH-group) at the bottom, progressing
through alcohols, and finally reaching the molecular graph at
the top, we can extract tree-structured hierarchies with progres-
sively coarser semantic levels. These structures, which allow
the learned representation to preserve data relationships, offer
valuable prior information for graph OOD detection.

Recent advancements in hyperbolic geometry facilitate the
embedding of hierarchical trees into hyperbolic spaces [21],
[22]. Moreover, due to the conformal property of the Poincaré
model and its local approximation to euclidean geometry [21],
the mapping from euclidean to hyperbolic space can largely
preserve the semantic relationships captured in euclidean repre-
sentations. Unlike the polynomial growth in euclidean spaces,
hyperbolic space follows a conformal scaling factor that tends
to infinity adjacent to the boundary of the ball, leading to
exponential volume growth with respect to the radius. This
characteristic facilitates the learning of lower-dimensional em-
beddings for graph representation, yielding more compact yet
powerful embedding spaces. Meanwhile, hyperbolic spaces nat-
urally represent data with tree-like structures [23], [24], which
could effectively address the high distortion issue encountered
in euclidean embeddings when modeling hierarchical relational
data.

Based on these insights, in this paper, we propose
a Hyperbolic Graph-Out-Of-Distribution Detection method

termed HGOOD-D, which identifies critical graph substructures
and organizes hierarchical relationships within hyperbolic ge-
ometry (e.g., the Poincaré model) to capture meaningful seman-
tic relationships among ID graphs. Specifically, given the input
graph, we design a bottleneck graph masker to compress the
graph based on the information bottleneck principle [25], [26],
[27], thereby extracting informative key subgraphs that capture
its ID-specific structural patterns. Then, for both the original
graph and the extracted graph rationale, we holistically encode
the graph features in euclidean space and subsequently map
them into hyperbolic space to construct a hierarchical multi-
view. For each view, hierarchical semantic structures among
graphs are constructed via the proposed k-means algorithm in
hyperbolic space, which allows for an effective representation
of the hierarchical dependencies and inter-relationships across
the graph dataset. Building on this, we design a hierarchical
contrastive learning framework, which aligns graph instances
with their corresponding prototypes across different seman-
tic granularities, effectively mining accurate cross-granularity
affiliations within graph hierarchies. Thus, given each input
graph sample, the disagreement between the two views and
their semantic disconfirmation across varying granularities in
hyperbolic space can be utilized as an indicative scoring function
for OOD detection.

To summarize, the key contributions of our proposed
HGOOD-D are outlined as follows:
� Conceptual: We propose to learn the hierarchical semantic

structure to capture the underlying ID graph distribution.
From what we have surveyed, this represents the first
endeavor to explicitly consider the underlying semantics
for graph OOD detection.

� Methodological: We introduce a bottleneck graph masker
to extract subgraphs that capture ID patterns, and explore
latent semantic hierarchies in hyperbolic space, enabling
hierarchical contrastive learning to effectively measure
OOD scores.

� Experimental: To assess the performance of our proposed
HGOOD-D, we perform comprehensive evaluations across
multiple benchmark datasets. Experiments show the effec-
tiveness and interpretability of our framework for graph
OOD detection.

II. RELATED WORK

A. Out-of-Distribution Detection

OOD detection has drawn significant attention in machine
learning, aiming to identify test examples that diverge from
the distribution of training datasets in real-world applications.
Existing OOD detection methods efforts are mostly in the
fields of computer vision [13], [14], [28] and natural language
processing [29]. For example, ODIN [13] distinguishes OOD
image data by leveraging the softmax scores obtained from a
pre-trained model categorized by classes. SSD [14] employs
contrastive learning to obtain image feature representations,
followed by a clustering-based detection method that relies
on the Mahalanobis distance metric. NGC [28] selects clean
ID data using confidence-based and geometry-based sample
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selection approaches for contrastive learning to obtain image
feature representations. Contra-OOD [29] proposes to fine-tune
the Transformers with contrastive learning, which improves
the compactness of representations, thereby benefiting OOD
detection on NLP datasets.

Recently, there has been a growing focus on the application
of the OOD detection task to graph-structured data. In addition,
graph anomaly detection aligns with the objectives of OOD
detection and can be viewed as one of its subdomains [30]. Due
to the significant cost involved in manual label annotation (e.g.,
drug-target interactions), we adopt a self-supervised framework
to learn graph feature representations. GOOD-D [17] designs a
multi-level hierarchical graph contrastive learning approach to
capture semantically rich graph feature representations, enabling
the distinction between ID and OOD data, while also establish-
ing a benchmark for graph-level OOD detection. AAGOD [18]
designs a learnable adaptive amplifier generator as a key pattern
to enhance graph OOD detection. GOODAT [19] implements a
test-time graph OOD detection method by extracting informative
subgraphs related to the predicted pseudo-labels on the test set.
HGOE [31] enhances OOD detection performance through hy-
brid graph outlier exposure. Although these methods adopt dif-
ferent strategies for graph OOD detection, they generally ignore
the extraction of essential substructures and the exploration of
latent semantic relationships across graphs. Consequently, they
fail to sufficiently capture the underlying ID graph distribution,
leading to suboptimal performance. In contrast, we introduce a
bottleneck subgraph extraction module to extract an informative
subgraph that captures ID patterns and construct a hierarchical
multi-view to enforce the consistency of hierarchical relation-
ships within ID graphs, thereby distinguishing them from OOD
samples.

B. Hyperbolic Embedding

Hyperbolic embedding techniques have been successfully
applied to computer vision [24], [32], natural language process-
ing [33] and recommender systems [34] due to their suitability
for representing data that inherently exhibits complex hierarchi-
cal structures. The characteristic that the distance in hyperbolic
ball space increases exponentially with the increase in radius
allows hyperbolic embeddings in lower dimensions to represent
more samples compared to euclidean embeddings. HHCH [24]
introduces hyperbolic space into hierarchical hash learning to
minimize information distortion and accurately capture the hi-
erarchical relationships in visual data. HPDR [32] incorporates
prototype learning to uncover the inherent hierarchical seman-
tics in hyperbolic space and refine domain alignment in face
anti-spoofing data. HIT [33] maps the output of language models
(LMs) to hyperbolic space and retrains transformer encoder-
based LMs for the explicit encoding and interpretability of
hierarchies. HNCR [34] leverages hyperbolic geometry, which
naturally aligns with the power-law distribution of real-world
user-item interactions, to minimize data distortion and enhance
recommendation performance. Motivated by the superior ability
of hyperbolic geometry to model hierarchical structures, our
work departs from existing graph OOD detection methods based

on euclidean space by leveraging the radial structure of hyper-
bolic space to encode fine-to-coarse semantic hierarchies—an
aspect that has been underexplored in previous research.

III. PROBLEM DEFINITION AND PRELIMINARIES

A. Problem Definition

We consider an ID dataset during training phase Dtrain =
{G1, . . . , GN}, in which each graph is sampled from a specific
distribution P in. Here, each graph Gi = {Vi, Ei,Xi} denotes
the set of nodes Vi, the set of edges Ei and the node features
Xi ∈ R|Vi|×d with a dimensionality of d. We utilize adjacency
matrix Ai ∈ R|Vi|×|Vi| to describe the structure information of
graph Gi, where each entry Ai(u, v) = 1 if edge (u, v) ∈ Ei,
otherwise Ai(u, v) = 0. Then, we can define the testing dataset
asDtest = Din

test ∪ Dout
test, whereDin

test andDout
test contain graphs

sampled from distribution P in and OOD distribution P out,
respectively. Given a test sample G′

i ∈ Dtest, the goal of graph
OOD detection is to generate a score s to identify the source
distribution (i.e., P in or P out) of G′

i, defined as:

Detection label =

{
1 (OOD), if sG′

i
� η

0 (ID), if sG′
i
< η

, (1)

where η denotes the threshold.

B. Graph Neural Networks

Graph Neural Networks (GNNs) have manifested as a pow-
erful model for extracting the representation of data with a
graph topology. In a typical GNN, each graph updates its node
representation by aggregating neighboring node information.
This process can be represented as:

h(l)
v = C(l)

(
h(l−1)
v ,A(l)

({
h(l−1)
u

}
u∈N (v)

))
, (2)

where h(l)
v denotes the updated feature representation of node v

after l iterations, with information aggregated from the neigh-
boring setN (v), andh0

v is initialized as the input xv .A(l)(·) and
C(l)(·) serve as two basic operations responsible for aggregating
and combining neighbor information at layer l − 1. In this
manner, the GNN updating framework can be constructed as
H(L) = GNN(X,A) after stacking L such layers. The graph-
level representation is derived by combining all updated node
features from each graph with a readout function, defined as:

z = READOUT({H(L)}), (3)

where z denotes the entire graph’s feature representation,
READOUT(·) could involve mean readout or other graph-level
pooling strategies, determined by the specific model architecture
and task requirements [35], [36], [37].

C. Hyperbolic Geometry

Compared to euclidean geometry, hyperbolic geometry al-
lows multiple lines through a single point that do not intersect a
given line. Among the various hyperbolic geometry models, the
most basic one is the Poincaré ball model (Bd

c , g
c), where d and

−c (c > 0) are the dimension and constant negative curvature
of the model, Bd

c = {x ∈ Rd | c‖x‖2 < 1} is an open ball
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Fig. 2. The general framework of HGOOD-D. First, we construct a bottleneck graph extractor in parallel with the entire graph to generate two views for GCL.
Then, different graph views are encoded in hyperbolic space via the exponential map. Finally, we introduce the subgraph IB loss and the hierarchical contrastive
loss for graph-level contrast.

with radius c−
1
2 . The corresponding Riemannian metric can be

defined as:

gcx = (λc
x)Id, λc

x =
2

1− c‖x‖2 , (4)

where identify matrix Id denotes the euclidean metric tensor and
λc
x is a conformal factor defining how vectors are interpreted in

the tangent space at a given point x, which increases exponen-
tially and tends to an infinite value when x approaching the
surface of the ball.

IV. THE PROPOSED MODEL

A. Overview

The core concept of our framework is to identify the critical
substructures as rationale within the ID graphs and explore the
corresponding semantics in a self-supervised manner for graph
OOD detection. Since hyperbolic space effectively captures
hierarchical relationships, it allows for a more natural modeling
of complex graph pattern semantics. In this way, the absence of
these patterns in OOD graph samples places them far from ID
patterns in the feature space, making them easy to detect.

As shown in Fig. 2, our framework comprises four compo-
nents. Given the input graph, we first extract a subgraph as the
second view based on the multi-view information bottleneck
(IB) principle, which captures the minimal sufficient informa-
tion to explicitly distinguish the ID patterns of training data.
Then, both views are projected into hyperbolic space (i.e., the
Poincaré ball), and we construct hierarchical semantic struc-
tures through hyperbolic k-means clustering. Following this, we
perform hierarchical contrastive learning to maximize semantic
agreement across different granularities between the two views.

For the test sample, we can finally estimate the OOD detection
score by assessing the disagreement between two views and their
semantic disconfirmation in hyperbolic space.

B. Bottleneck Subgraph Extraction

For a graph instance Gi, we aim to eliminate redundant
information, focusing on a substructure to facilitate explicit
OOD detection. However, general strategies often employ data
augmentation methods via stochastic graph perturbations (e.g.,
node/edge dropping and feature modification), which may dis-
rupt structural and semantic patterns and introduce undesired
OOD samples. Drawing inspiration from the concept of IB,
we introduce a bottleneck graph extractor to derive the sub-
graph from the original input Gi = {Vi, Ei,Xi}. Specifically,
we assign each edge e ∈ Ei with a random variable pe ∼
Bernoulli(ωe), such that the edge e is retained in the subgraph
when pe = 1 and dropped otherwise, resulting in an extracted
subgraph G

(s)
i . And ωe denotes the Bernoulli weight, which can

be defined as:

ωe = MLP([h(L)
u ;h(L)

v ]), with e = (u, v), (5)

where {h(L)
v }v∈Vi

= H
(L)
i = GNNφ(Xi,Ai) denotes the

node embeddings refined by a GNN-based augmenter. To train
the subgraph extractor in a continuously differentiable process,
we compute the continuous variable pe constrained within [0,1]
and leverage the Gumbel-Max reparameterization trick to ap-
proximate the extraction process. Formally,

pe = Sigmoid

(
log σ − log(1− σ) + ωuv

τ

)
, (6)
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where σ ∼ Uniform(0, 1) and τ is the temperature parameter.
As τ approaches 0, puv converges to a binary value. In addition,
we compute the average probability of edge removal as a regular-
ization term, assigning corresponding weights λreg to control the
extent of edge perturbations. We seek to extract the bottleneck
subgraph, which serves as the graph rationale. Given two distinct
and distinguishable views of the graph, G1

i and G2
i , the mutual

information (MI) between a graph and its subgraph can be de-
composed as I(G1

i ;G
1(s)
i ) = I(G1

i ;G
1(s)
i |G2

i ) + I(G2
i ;G

1(s)
i ).

Here, the first and second terms represent the superfluous and
predictive information, which are expected to be minimized and
maximized, respectively. The objective can be:

max
G

1(s)
i

I(G2
i ;G

1(s)
i )− βI(G1

i ;G
1(s)
i |G2

i ), (7)

where I(x; y) denotes the mutual information of two graph
representations x and y, and β is the Lagrange multiplier. Since
directly handling the second conditional MI term is challenging,
we apply a transformation using the chain rule of the conditional
MI as follows:

I(G1
i ;G

1(s)
i |G2

i ) = I(G1
i ;G

1(s)
i , G2

i )− I(G1
i ;G

2
i )

= I(G1
i ;G

1(s)
i ) + I(G2

i ;G
1
i |G1(s)

i )− I(G1
i ;G

2
i )

= I(G1
i ;G

1(s)
i )− I(G1

i ;G
2
i ), (8)

where we suppose that when givenG1(s)
i , the amount of informa-

tion G2
i can capture from G1

i is zero, i.e., I(G2
i ;G

1
i |G1(s)

i ) = 0,

indicating that G1(s)
i can capture the important information of

G1
i . So in this way, we can rewrite the subgraph IB loss as:

LIB=

N∑
i=1

{
−I(G2

i ;G
1(s)
i ) + β

[
I(G1

i ;G
1(s)
i )− I(G1

i ;G
2
i )
]}

.

(9)

We adapt the NCE-based MI lower bound [38] for approximately
estimating the MI, defined as:

I(Gi, Gj) :=
N∑
i=1

log
exp(−Dc(Gi, Gj)/τ)∑N

j′=1 exp(−Dc(Gi, Gj′)/τ)
, (10)

where τ is the temperature parameter, one positive and N − 1
negative samples are selected as denominators. In our paper, we
define the distance Dc(·, ·) in hyperbolic space.

C. Hyperbolic Space Learning

To exploit the characteristics of hyperbolic geometry in cap-
turing the latent hierarchical semantics within graph-structured
data, we define a reversible transformation between euclidean
space and the Poincaré ball model of hyperbolic space (expo-
nential), and vice versa (logarithmic). Specifically, given two
views G1(s)

i and G2
i of the graph, we leverage another GNN to

extract the corresponding feature vector z1
i and z2

i in euclidean
space, take z1

i as an example:

z1
i = READOUT(GNNθ(Xi,A

1(s)
i )), (11)

where A
1(s)
i denotes the adjacency matrix of the extracted

subgraph. Then, for the feature zi ∈ TxBd
c \ {0}, where x is

the base point in the hyperbolic manifold Bd
c and TxBd

c denotes
its tangent space, we project it onto the Poincaré disk via
exponential mapping for x �= 0, which is defined as:

expcx(zi) = x⊕c

(
tanh(

√
c
λc
x‖zi‖
2

)
zi√
c‖zi‖

)
, (12)

where ‖ · ‖ denote the euclidean norm and ⊕c is the Möbius
addition for any x,y ∈ Bd

c as:

x⊕c y :=
(1 + 2c〈x,y〉+ c‖y‖2)x+ (1− c‖x‖2)y

1 + 2c〈x,y〉+ c2‖x‖2‖y‖2 , (13)

where 〈·〉 denotes the inner product. In practice, x is set to 0,
and the exponential map can be:

zc
i = expc0(zi) = tanh(

√
c‖zi‖) zi√

c‖zi‖ . (14)

Nonetheless, we note that hyperbolic embeddings may approach
the boundary of the Poincaré ball during training, resulting in
gradient vanishing due to the degeneration of the Riemannian
metric. To ensure stable optimization, we adopt a feature clip-
ping strategy [39] by constraining the embedding norm with a
clip_radius r before mapping into hyperbolic space, defined as:

CLIP(zi; r) = min

{
1,

r

‖zi‖
}
· zi. (15)

We then define the hyperbolic distance between x and y as:

Dc(x,y) =
2√
c

arctanh(
√
c‖ − x⊕c y‖). (16)

In the limit c → 0, Dc(x,y) → 2‖x− y‖, recovering the eu-
clidean distance up to a constant scaling factor. While euclidean
space expands polynomially as radius increases, we can observe
an exponential expansion in hyperbolic space during radius
increase [21]. This intrinsic property of space expansion natu-
rally aligns with tree-structured hierarchical semantic structures,
since the number of nodes in a tree with branching factor K
grows as O(KD) at depth D, which is analogous to the discrete
form of hyperbolic radius growth and enables hyperbolic space
to effectively embed hierarchical relationships. Remarkably,
(16) shows that the distance of the point x to the origin is deter-
mined by its norm ‖x‖, which in hyperbolic space corresponds
to its hierarchical level, while distances between embeddings
capture similarity.

D. Hierarchical Contrastive Learning

We aim to construct a hierarchical semantic structure to
capture the underlying data distribution of the ID graph. Toward
this end, we propose a hierarchical clustering algorithm in the
Poincaré ball model, which constructs the semantic structures
in a bottom-up manner. Specifically, for hyperbolic embeddings
Zc obtained in the previous epoch, we perform hyperbolic
k-means iteratively from the 1-st to the M -th layer, resulting in
a prototype set P = {{pm

k }Km

k=1}Mm=1 with Km denotes the pro-
totype count at m-th layer. Since existing k-means variants rely
on euclidean averaging to define the prototype of each cluster,
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which is not compatible with hyperbolic space, we address this
by maintaining the alternating optimization of prototypes and
cluster assignments, while introducing two key modifications:
1) a distance metric specifically designed for hyperbolic space,
and 2) a method for computing prototypes that is consistent with
hyperbolic geometry. The first modification is addressed in (16).
For the second, motivated by the previous work [24], [40], [41],
we calculate the Einstein midpoint [42] as the prototype via the
Klein model of hyperbolic space, which is defined as:

Klein_Proto(zk
1 , . . . ,z

k
N ) =

N∑
i=1

γiz
k
i

/ N∑
i=1

γi, (17)

where zk
i is the point in Klein coordinates, γi = 1√

1−c‖zk
i ‖2

denotes the Lorentz factor. Note that the Poincaré and Klein
models are isomorphic [40]. Therefore, the transition formula
holds:

zc
i =

zk
i

1 +
√

1− c‖zk
i ‖2

,

zk
i =

2zc
i

1 + c‖zc
i‖2

. (18)

Thus, by mapping to the Klein model, we compute the aver-
aged prototypes of the given graph points and transform them
back to the Poincaré ball model. In this way, the prototypes
computed by hyperbolic k-means lie closer to the origin of
the hyperbolic space, corresponding to coarser semantic levels.
Through multi-layer iterations, the model progressively learns
hierarchical semantics from fine to coarse. Then, for the two
views G

1(s)
i and G2

i , we introduce a hierarchical contrastive
learning framework to further distinguish the semantic patterns
at multiple levels. Formally, for each graph point z1c

i and z2c
i

from two views, we define them and its prototype Pm(zc
i ) in

m-th layer as positive pair and the remaining prototypesNm(zc
i )

as negative pairs. Take contrastive loss for G1(s)
i as an example:

L1m
i =−log

exp(−Dc(z
1c
i ,Pm(z2c

i ))/τ)∑
pm∈Pm(z2c

i )+Nm(z2c
i )exp(−Dc(z1c

i ,pm)/τ)
.

(19)

Note that we use the negative of the hyperbolic distance
defined in (16) and apply the exponential function as a mea-
sure of similarity. In this way, graph embeddings with similar
semantics—i.e., belonging to the same cluster prototype—are
pulled closer together in hyperbolic space, whereas embed-
dings with different semantics are pushed apart. This allows
the model to learn the underlying graph distributions across
different hierarchical semantic. By considering the two views,
we can define the prototype-wise hierarchical contrastive loss at
different layers as:

LPCL =
1

M

N∑
i=1

M∑
m=1

1

m
(L1m

i + L2m
i ). (20)

E. Adaptive Training and OOD Scoring

By combining the subgraph IB and hierarchical contrastive
losses, the overall training objective can be defined as:

L = LIB + LPCL

= LICL + LPCL +

N∑
i=1

β(I(G1
i ;G

1(s)
i )− I(G1

i ;G
2
i )),

(21)

where the first term LICL =
∑N

i=1 −I(G2
i ;G

1(s)
i ) can be seen

as an instance-wise contrastive loss. However, manually adjust-
ing the trade-off weights between these two contrastive losses
is a challenging task, and treating them equally would ignore
the varying sensitivities of the score, potentially leading to
suboptimal performance. Referring to the previous work [17],
we introduce adaptive training loss with the standard deviations
of predicted errors as:

L = (σICL)
αLICL + (σPCL)

αLPCL

+

N∑
i=1

β(I(G1
i ;G

1(s)
i )− I(G1

i ;G
2
i )), (22)

where σICL and σPCL represent the standard deviations of
the term for the training data, α > 0 is a hyper-parameter that
governs the degree of automatic adaptation. In this way, the
model penalizes loss terms with larger deviations, allowing it
to focus more effectively on capturing the shared patterns of ID
graph data.

During the test phase, we directly employ the trained subgraph
extractor and GNN-based encoder to obtain the graph repre-
sentations of different views. We do not perform hierarchical
clustering on the test data and instead directly assign each test
graph to the nearest prototype in the set P obtained during the
training phase. The instance-wise and hierarchical prototype-
wise contrastive loss of test graph data G′

i can be further used
as the OOD score of test data, namely, sICL

G′
i

and sPCL
G′

i
. In this

manner, the ID graph typically yields a lower consistency loss by
aligning with the learned ID patterns, whereas the OOD graph
can be effectively identified through the disagreement between
its two views and their semantic inconsistency. To ensure the
balance of scores, we further apply z-score normalization based
on the mean and standard deviation of the term calculated from
the training samples. The OOD score is then defined as follows:

sG′
i
=

sICL
G′

i
− μICL

σICL
+

sPCL
G′

i
− μPCL

σPCL
, (23)

whereμICL andμPCL are the mean values of the corresponding
term for training data.

F. Complexity Analysis

To ensure scalability to large-scale graph-level datasets, we
update the gradients using a mini-batch of size B. The com-
putational consumption of our HGOOD-D mainly comprises
the three components: (i) graph encoder module; (ii) prototype
updating module; (iii) contrastive learning module. We consider
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a graph dataset with N graphs, where each graph contains an
average of |V| nodes and |E| edges. The node representation
dimension is d and the number of GNN layers is L. Note that,
we take the clustering layer count as M and the prototype
count at the m-th layer as Km. For (i), the time complexity
of GNN-based encoder is O(NL(|E|d+ |V|d2)), with an ad-
ditional cost of O(N |E|d2) incurred by subgraph extraction,
followed by a hyperbolic exponential mapping with time com-
plexity O(Nd). For (ii), the computational complexity of hier-
archical hyperbolic clustering is O(NK1dt+K1K2dt+ · · ·+
KM−1KMdt), where t denotes the maximum number of itera-
tions in hyperbolic k-means. Since the number of prototypes sat-
isfies Km 
 N , the computational complexity of (ii) can be ap-
proximated asO(NK1dt). For (iii), we perform subgraph IB and
hierarchical consistency regularization within mini-batch, which
takesO(B2d) andO(BK1d+ · · ·+BKMd) ≈ O(BK1d). To
sum up, the overall complexity of our HGOOD-D per training
epoch is O((|E|(L+ d) + |V|Ld+B +K1t+K1 + 1)Nd),
which scales linearly with the number of graphs and aligns
with the latest self-supervised graph OOD detection methods
(GOOD-D [17] and HGOE [31]).

Moreover, HGOOD-D requires subgraph extractor, proto-
types and GNN-based encoders in contrastive learning training
phase, the space complexity is approximately O((|E|+ |V|+
d)Ld+ |E|+Nd+NMd+B2 +BK1). Thus, our method is
primarily influenced by the mini-batch size, enabling it to scale
to graph-level datasets of varying sizes.

G. Theoretical Analysis

Theorem 4.1 (Hyperbolic Bound for Hierarchical Cluster-
ing [43], [44]): Let Bd

c be the Poincaré ball model with
dimension d and curvature −c (c > 0), where the hyperbolic
distance Dc is defined by (16). Denote Zc = {zc

i}Ni=1 be the
set of hyperbolic embeddings, and assume that an M -layer
hierarchical clustering is performed on Zc. The prototype set is
represented by P = {{pm

k }Km

k=1}Mm=1, where Cm = {Cm
k }Km

k=1

is the clustering at layer m, and the number of clusters Km

decreases asm increases. For any pair of pointszc
i , z

c
j , we define

their hierarchical distance as:

dH(zc
i , z

c
j) :=

{
δ(zc

i , z
c
j), if such m exists,

M + 1, otherwise.
(24)

Here, δ(zc
i , z

c
j) := min{m ∈ {1, . . . ,M} ∣∣ ∃ k s.t. zc

i , z
c
j ∈

Cm
k }. Then there exist positive constants α, β > 0 such that

for any pair of points zc
i , z

c
j ∈ Bd

c , the hyperbolic distance Dc

can be bounded by the hierarchical distance, that is,

α · dH(zc
i , z

c
j) ≤ Dc(z

c
i , z

c
j) ≤ β · dH(zc

i , z
c
j). (25)

Proof: We begin by defining the cluster radius, which is
estimated by the maximum distance from any point z ∈ Cm

k

to its corresponding prototype:

Rm = max
k=1,...,Km

max
z∈Cm

k

Dc(z,p
m
k ). (26)

Similarly, the minimum and maximum distances between pro-
totypes at the m-th layer are defined as follows:

Δmin
m = min

k �=l
Dc(p

m
k ,pm

� ), (27)

Δmax
m = max

k �=l
Dc(p

m
k ,pm

� ). (28)

Naturally, we assume the clustering is well-separated, i.e.,
Δmin

m > 2Rm for all m, ensuring nontrivial lower bounds. Sub-
sequently, we construct two positive constants α, β > 0, which
are expressed as:

α = min
m

Δmin
m − 2Rm

m+ 1
, (29)

β = max
m

2Rm +Δmax
m

m
, (30)

where α > 0 holds by the assumption Δmin
m > 2Rm. Subse-

quently, we consider two cases: (i) 1 ≤ dH(zc
i , z

c
j) ≤ M , and

(ii) 1 ≤ dH(zc
i , z

c
j) = M + 1.

Case 1. Considering dH(zc
i , z

c
j) = m0 ∈ {1, . . . ,M}: By

definition of dH , zc
i and zc

j belong to the same cluster Cm0

k

for some k, but they are assigned to different clusters at layer
m0 − 1 (if m0 > 1).

Upper bound: Since zc
i , z

c
j ∈ Cm0

k , we have:

Dc(z
c
i , z

c
j) ≤ Dc(z

c
i ,p

m0

k ) +Dc(p
m0

k , zc
j)

≤ 2Rm0
≤ β ·m0 = β · dH , (31)

where the first equality holds by norm of Möbius addition and
the last inequality follows from the definition of β in (30).

Lower bound: Let pm0−1
a and pm0−1

b be the prototypes of the
distinct clusters containing zc

i and zc
j at layerm0 − 1 (form0 =

1, interpret this as the trivial partition where each point forms its
own cluster; then Δmin

0 = mini�=j Dc(z
c
i , z

c
j) and R0 = 0, so

the bound still holds). By the triangle inequality for hyperbolic
distance,

Dc(z
c
i , z

c
j) ≥ Dc(p

m0−1
a ,pm0−1

b )−Dc(z
c
i ,p

m0−1
a )

−Dc(z
c
j ,p

m0−1
b )

≥ Δmin
m0−1 − 2Rm0−1 ≥ α ·m0 = α · dH , (32)

where the final inequality by the definition of α by (29).
Case 2. Considering dH(zc

i , z
c
j) = M + 1: The two points

will never belong to the same cluster at any layer. Let pM
a ,pM

b

be the prototypes of their corresponding clusters at the M -th
layer. Similarly, by the triangle inequality, we could derive the
inequality:

Dc(z
c
i , z

c
j) ≤ Dc(z

c
i ,p

M
a ) +Dc(p

M
a ,pM

b ) +Dc(p
M
b , zc

j)

≤ 2RM +Δmax
M ≤ β · (M + 1) = β · dH , (33)

Dc(z
c
i , z

c
j) ≥ Dc(p

M
a ,pM

b )−Dc(z
c
i ,p

M
a )−Dc(z

c
j ,p

M
b )

≥ Δmin
M − 2RM ≥ α · (M + 1) = α · dH . (34)

In summary, we could conclude that

α · dH(zc
i , z

c
j) ≤ Dc(z

c
i , z

c
j) ≤ β · dH(zc

i , z
c
j). (35)

�

V. EXPERIMENT

This section provides a detailed evaluation of HGOOD-D,
focusing on the following research objectives:
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� RQ1: How effectively does our proposed HGOOD-D
fare against other baselines on graph OOD detection and
anomaly detection tasks?

� RQ2: How do the individual key components of HGOOD-
D impact the model’s effectiveness?

� RQ3: How is the model’s capability sensitive to various
hyperparameters in HGOOD-D?

� RQ4: Are there illustrations of the impact of HGOOD-
D on critical graph identification and hierarchical
semantics?

A. Experimental Settings

1) Datasets: Building upon previous research [17], we uti-
lize ten pairs of publicly available graph OOD detection datasets
from the OGB [45] and TU [46] benchmarks to evaluate the
effectiveness of our method. Each pair of datasets includes ID
and OOD data originating from the same domain but exhibiting
a certain degree of domain shift. Additionally, we validate our
method on fifteen datasets selected from the TU benchmark [46]
for graph anomaly detection task. In accordance with the settings
in [17], [47], samples from the true anomalous or minority class
are treated as abnormalities, while the remaining samples are
classified as normal.

2) Baselines: We evaluate our model in comparison to vari-
ous approaches on graph OOD detection and anomaly detection
tasks. Concretely, the baselines could be grouped into three
categories:

Two-Step Methods Based on Graph Kernel: We adopt a two-
step framework to integrate diverse graph encoder and detector
methods. In the first step, the encoder utilizes the propagation
kernel (PK) [48] and the Weisfeiler-Lehman kernel (WL) [49]
as graph kernels [50] to extract relevant graph features. In the
second step, the detector employs isolation forest (iF) [51], one-
class SVM (OCSVM) [52] and local outlier factor (LOF) [53] to
identify OOD/anomalous graph samples based on the extracted
graph representations.

Two-Step Methods Based on GCL: This type of method fol-
lows the same structure as described above, with the difference
being that we employ general self-supervised GCL methods
(i.e., InfoGraph [54] and GraphCL [55]) to learn graph fea-
tures. Additionally, the detector methods are substituted by Ma-
halanobis distance-based (MD) approaches [14] and isolation
forest (iF) [51].

End-to-end Methods: We also evaluate our approach against
four popular end-to-end deep learning methods. Specifically,
OCGIN [56] designs a GIN-based graph-level outlier detector by
optimizing a one-class deep SVDD objective. GLocalKD [47]
employs knowledge distillation to capture rich global and local
normal pattern information. GOOD-D [17] utilizes multi-level
graph contrastive learning to capture multi-scale consistency for
OOD scoring. HGOE [31] adopts an external and internal hybrid
outlier training strategy to enrich the training set.

3) Evaluation and Implementation: Following the previous
work [17], we adopt Area under the ROC Curve (AUC) as
evaluation metric on graph OOD detection and anomaly detec-
tion tasks. For each dataset pair, we calculate the average AUC

along with its standard deviation across five trials with different
random seeds. A higher AUC value reflects improved detection
performance. For the graph OOD detection, we construct the
training set by randomly selecting 90% of the ID graph dataset,
and build the test set by including the remaining 10% of the
ID graph dataset along with the same quantity of OOD graph
dataset. For the graph anomaly detection, we use five-fold cross-
validation to partition the training and test sets.

For all datasets, we use 5-layer GINs with 16 hidden dimen-
sions as the bottleneck graph extractor. We then adopt non-
shared 5-layer GINs with 16 hidden dimensions to extract feature
information separately from both the original graph and sub-
graphs for hierarchical contrastive learning. During this process,
we set the curvature and clip radius parameters of the Poincaré
ball model to c = 0.01 and r = 2.3, respectively, and the dimen-
sionality of hyperbolic embeddings to d = 128, thus converting
graph features from euclidean space to hyperbolic space. For
baseline methods, we adopt their source with original settings
and reproduce the results. The source code of our HGOOD-D is
available at https://github.com/BBDing-DYT/HGOOD-D.

B. Performance Comparison (RQ1)

We perform extensive experiments for graph OOD detection
and anomaly detection tasks. The comparison results for these
tasks are shown in Tables I and II. The best-performing method is
indicated in bold while the runner-up is underlined. The findings
indicate the following insights:
� In contrast to two-step methods, end-to-end methods

demonstrate generally better performance on graph OOD
detection task. This indicates that consistent learning ob-
jectives, which can globally account for training loss
throughout the process and reduce the loss of graph feature
information, play a critical role on OOD detection task.
Additionally, among two-step methods, the self-supervised
GCL-based feature extraction methods significantly out-
perform the methods based on graph kernel encoder, es-
pecially the GraphCL-MD method. This demonstrates that
self-supervised GCL methods can extract more compre-
hensive and distinguishable graph feature representations
without relying on data labels.

� Our HGOOD-D achieves the best performance compared
to other baselines across all datasets on graph OOD detec-
tion task. Specifically, our HGOOD-D achieves 15.87%
and 14.08% increment over the runner-up baseline HGOE
on PTC-MR/MUTAG and ClinTox/LIPO. The significant
improvement can be attributed to the nature of drug molec-
ular graphs, where distinct molecular structures naturally
exhibit discriminative properties. Moreover, the original
datasets are formulated as relatively simple binary clas-
sification tasks, indicating that the semantic patterns of
ID graphs are easier to learn. In contrast, the performance
gain on Esol/MUV is relatively smaller, possibly because
the original dataset is designed for a regression task, re-
sulting in more complex semantic relationships within
the data. The overall performance improvement demon-
strates that subgraph extraction and the construction of
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TABLE I
PERFORMANCE (%) OF GRAPH OOD DETECTION IN TERMS OF AUC (IN PERCENT, MEAN ± STD)

TABLE II
PERFORMANCE (%) OF GRAPH ANOMALY DETECTION IN TERMS OF AUC (IN PERCENT, MEAN ± STD)

hierarchical semantic relationships increase the distribu-
tional gap between ID and OOD data, thereby enhancing
the model’s OOD detection capability.

� Moreover, our HGOOD-D also outperforms all baselines
on 12 datasets and performs well on 3 remaining datasets on
graph anomaly detection task. Specifically, HGOOD-D ob-
tains 11.95% and 9.29% improvement against the runner-
up baseline on IMDB-B and DHFR. Overall, HGOOD-
D achieves the top average rank among all baselines.
The main reason is that our HGOOD-D graph extrac-
tor effectively captures the critical subgraph structures of
normal graphs, enhancing the local structural features of
the graphs, thereby enabling the distinction of a small
number of anomalous samples within a large dataset.

C. Ablation Study (RQ2)

We attribute the improvements in our HGOOD-D to four key
components: 1) subgraph: bottleneck subgraph extraction; 2)
prototype: prototype-wise hierarchical contrastive learning; 3)
adaptive: adaptive training and OOD scoring; 4) embedding:
graph feature embedding space (i.e., euclidean space, hyper-
sphere space and hyperbolic space). To examine the impact of
each component, we conduct ablation studies by individually

removing each designed module, as well as by employing
different feature encoding spaces independently. We use OOD
detection task as the basis for our ablation study, with detailed
experimental results presented in Table III, leading to the fol-
lowing conclusions:
� Among the designed modules, each component contributes

significantly to the detection results. The performance
notably drops when the clustering of the prototype set is
removed. This indicates that the construction of prototypes
facilitates an underlying data distribution with hierarchi-
cal semantics through prototype-wise contrastive learning,
significantly improving the model’s capabilities for graph
representations.

� Among the three embedding spaces, our model in the
hyperbolic space outperforms all others by employing the
corresponding distance measures to assess similarity. The
average performance of HGOOD-D shows improvements
of 2.61% and 1.42% when compared to euclidean and
hyper-sphere space. This demonstrates that hyperbolic
space provides a more expressive feature representation
within the same dimensionality, thereby aiding the con-
struction of hierarchical semantics.

� Our HGOOD-D, which incorporates all components,
exhibits the optimal outcome over all datasets. This
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TABLE III
ABLATION STUDY RESULTS (%) OF HGOOD-D AND ITS VARIANTS IN TERMS OF AUC (IN PERCENT, MEAN ± STD)

Fig. 3. Parameter sensitivity of c, r, λreg and β.

observation proves the efficacy of jointly extracting critical
subgraph features and mapping them into hyperbolic space
to construct hierarchical semantic relationships, while em-
ploying an adaptive strategy during training to optimize
multiple objectives comprehensively.

D. Parameter Sensitivity (RQ3)

We also explore the dependency of the proposed HGOOD-
D on various hyperparameters. Specifically, we explored the
performance of our proposed HGOOD-D with the curvature
parameter c and the clip _ radius parameter r of the hyperbolic
space, edge dropout probability regularization weight parameter
λreg and Lagrange multiplierβ of bottleneck subgraph extraction
during training phase, as well as Km and M of the hierarchical
hyperbolic k-means.

1) Effect of the Parameter of Hyperbolic Space: By leverag-
ing hyperbolic space to construct the hierarchical structure, we
additionally explore the effect of varying parameter values of
curvature and clip _ radius. We select one dataset pair each from
TU and OGB datasets to analyze the effectiveness of HGOOD-D
for OOD detection task.
� Fig. 3(a) illustrates the performance of HGOOD-D with

different settings of curvature c within a scope of
{0, 0.001, 0.01, 0.1, 1, 10} on IMDB(M)-IMDB(B) and
FreeSolv-ToxCast dataset pair. From the result, we observe
that when c = 0, the graph features effectively regress to

the euclidean space, which has weaker expressive power,
leading to a suboptimal performance, as discussed in
Section IV-C. With increasing c, the features of the graph
begin to be fully expanded. When c = 0.01, the model
generally achieves optimal performance, illustrating that
graph feature representation under hyperbolic space con-
tributes to uncovering hierarchical semantic structures on
the OOD detection task. However, too large curvature (i.e.,
c > 0.01) may weaken the model’s performance. This is
likely due to the larger curvature causing the distances
between graph feature vectors near the boundary to be
excessively compressed, thereby impairing the model’s
ability to effectively distinguish between graph features.

� Fig. 3(b) shows the performance results with varying
values of clip _ radius r in a range of {1, 2, 3, 4, 5} on
PTC(MR)-MUTAG and Esol-MUV dataset pair. From the
result, we discover that when r = 1, the poor performance
suggests that the graph feature vectors are compressed
into a smaller-radius spherical space, causing the model
to focus on more localized structures, which may result in
information loss. Generally, when r = 2 or 3, the model
exhibits optimal efficacy. However, as r increases without
appropriate constraints, accuracy suffers a significant drop.
Such a trend may be caused by the relaxation of the distance
constraint of graph feature vectors to the origin, leading to a
more dispersed distribution of feature vectors. This results
in instability in the distance calculations between feature
vectors, leading to difficulties in model convergence.

2) Effect of the Weight of Optimization Objective: To an-
alyze whether HGOOD-D can benefit from bottleneck sub-
graph extraction, we investigate the impact of different weights
of edge dropout probability regularization λreg and Lagrange
multiplier β in subgraph IB loss. We select one social dataset
pair IMDB(M)-IMDB(B) and one other molecular and protein
dataset pair (i.e., BBBP-BACE or PTC(MR)-MUTAG) to eval-
uate HGOOD-D for OOD detection task.
� We evaluate model performance during edge dropout

probability regularization across different λreg ranges of
{0, 0.001, 0.01, 0.1, 1, 10}. As shown in Fig. 3(c), when
parameter λreg = 0, the model demonstrates poor per-
formance, suggesting that the absence of constraints on
edge dropout probability during subgraph extraction leads
to unstable subgraph structures, resulting in suboptimal
and inconsistent outcomes. As λreg increases, the model
shows continuous performance enhancement, reaching its
optimal level at λreg = 0.01. This indicates that the model
effectively learns to extract key subgraph structures, which
enhances its ability to distinguish semantic relationships
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TABLE IV
PARAMETER ANALYSIS (%) ON CLUSTERING LAYER COUNT M AND

PROTOTYPE COUNT AT DIFFERENT LAYERS Km. THE SETTING OF Km AND

M IS PRESENTED AS K1 → K2 → · · · → KM .

between different graphs, thereby improving OOD detec-
tion performance. However, excessively large weight λreg

leads the model to extract structures almost identical to the
original graph, thereby weakening its ability to capture the
underlying semantic relationships of the graph.

� We investigate the impact of different Lagrange multipli-
ers within the range of {0, 0.001, 0.01, 0.1, 1, 10} on the
model’s ability to extract subgraph structures. As shown
in Fig. 3(d), when Lagrange multiplier β = 0, the model
neglects the superfluous information between the original
graph and the subgraph, which prevents it from capturing
the key structural information essential for distinguishing
graphs with different semantics, thereby resulting in sub-
optimal performance. As the weight increases, the model’s
performance reaches a peak and then declines. This is
likely due to the larger Lagrange multiplier causing the
model to overly focus on the discrepancy loss between the
extracted subgraph and the original graph, thereby leading
to excessive loss of original information in the subgraph
features and impairing the model’s stable convergence.

3) Effect of the Clustering Hierarchy of Hyperbolic Space:
By performing hierarchical clustering on graph embeddings in
hyperbolic space to construct semantic structures, we further
investigate the model’s performance by varying clustering layer
count M and prototype count at each layer Km. We also select
a pair of datasets from different databases (i.e., ENZYMES-
PROTEIN and Tox21-SIDER) as test cases for the OOD de-
tection task. From the results in Table IV, we can draw the
subsequent observations:
� Relative to clustering with just one layer, HGOOD-D leads

to improvement of 4.12% and 3.01% on ENZYMES-
PROTEIN and Tox21-SIDER dataset pairs with optimal
settings (i.e., 10 → 5 and 10 → 5 → 2), respectively.
However, when clustering with four layers, the model does
not perform consistently as expected. This observation sug-
gests that, on one hand, different datasets inherently contain
hierarchical semantic information of varying complexity;
on the other hand, as the number of layers increases, the
high-level semantic features tend to introduce excessive
noise due to the accumulated clustering errors from the
lower-level features, thereby impairing the model’s ability
to capture meaningful high-level semantics.

Fig. 4. The visualization of test samples in 128-d embeddings from PTC(MR)-
MUTAG and AIDS-DHFR dataset pairs within the Poincaré ball.

Fig. 5. Visualization of the hierarchical semantic structure. We select a subset
of samples from the BZR dataset for visualization, where the direction of the
arrow indicates the aggregation from fine-grained clustering at the lower layers
to coarse-grained clustering at the higher layers.

� Compared with clustering with two layers, the model
achieves the best performance in the settings (10→ 5). This
finding demonstrates that performance does not correlate
linearly with prototype count. This may be due to the
excessive number of clusters, which hinders the model’s
ability to effectively capture the distinction of lower-level
semantics of the graph, leading to the misclassification of
OOD data within the ID range. Meanwhile, an excessive
number of prototypes may lead to a more complex objec-
tive optimization during hierarchical contrastive learning,
which can hinder the model’s convergence.

E. Visualization (RQ4)

1) Visualization of Hyperbolic Embeddings: To analyze how
our HGOOD-D affects graph representations, we visualize the
distribution of the learned features on PTC(MR)-MUTAG and
AIDS-DHFR in hyperbolic space. Using the UMAP method
with the distance metric set to “hyperboloid”, we project the
graph’s hyperbolic features into 2D and map them onto the
Poincaré disk for visualization. As illustrated in Fig. 4, the sam-
ples sharing the same distribution labels are grouped together,
with each cluster being driven towards the circle’s boundary.
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Fig. 6. Visualization of different subgraph extraction on BZR-COX2 dataset pair. The extracted ID subgraphs tend to focus on the backbone instead of side
chains, where adjacent rings share common edges. In contrast, adjacent rings in OOD subgraphs are connected by additional edges.

Fig. 7. Visualization of different subgraph extraction on BBBP-BACE dataset pair. The extracted ID subgraphs tend to focus on rings rather than chains, while
highlighting the functional group with a hexagonal structure at the end of the backbone. In contrast, the hexagonal structure is embedded within the backbone in
OOD subgraphs.

This observation indicates that our method effectively learns
sufficiently separable feature representations. Meanwhile, sam-
ples within ID/OOD categories also exhibit clustering according
to their original class labels, indicating that our method is able
to learn a semantic relationship distribution that aligns with the
inherent graph properties.

2) Visualization of Hierarchical Semantics: To further
demonstrate the effectiveness of our HGOOD-D on the
hierarchical semantics of graph representations, we present a
visualization of the partitioned results of the hierarchical hyper-
bolic k-means on the BZR dataset. As shown in Fig. 5, molecules
with different numbers of adjacent rings sharing common edges
(marked in red) are clustered into a single group at the bot-
tom layer. Meanwhile, molecules with two adjacent rings are
divided into two clusters: one consisting of pentagon-hexagon
combinations and the other of heptagon-hexagon combinations.
Furthermore, the lower-layer clusters are grouped into two
categories: molecules with single-ring side chains and those
without. In the uppermost layer, these clusters are merged into a
molecular graph class characterized by significant diversity. It is
evident that molecules exhibit a progression from fine-grained
to coarse-grained hierarchical semantics as they are iteratively
clustered from lower to higher layers, e.g., molecules at the
lowest level of the hierarchy demonstrate greater structural sim-
ilarity, while those at the top reveal a broader diversity in struc-
tural composition. This indicates that our proposed HGOOD-D
could effectively capture the hierarchical structure and semantic
segmentation that aligns with the inherent nature of the data.

3) Visualization of Subgraph Extraction: Moreover, to val-
idate the effectiveness of our HGOOD-D in extracting key
subgraph structures, we selected the edges with weights greater
than a set threshold in each graph and deepened the corre-
sponding edges and nodes for visualization on BZR-COX2 and

BBBP-BACE dataset pairs. As shown in Fig. 6, we observe
that the extracted ID subgraphs focus more on the backbone
structure, while highlighting adjacent rings that share common
edges as key structures to distinguish them from OOD graphs.
As shown in Fig. 7, the extracted ID subgraphs place more
emphasis on the edge side chains, particularly those containing a
functional group with a hexagonal structure, distinguishing them
from OOD graphs that feature a hexagonal structure within the
backbone. This indicates that our proposed HGOOD-D could
learn more discriminative ID patterns of training data, which is
beneficial for distinguishing between ID and OOD graphs for
OOD detection task.

VI. CONCLUSION

In this paper, we propose a novel framework termed HGOOD-
D for graph OOD detection, which aims at explicitly learning la-
tent semantic hierarchies to capture the underlying ID graph dis-
tribution and distinguish OOD graphs. Specifically, we propose
a subgraph extraction module to obtain critical subgraph struc-
tures while preserving minimal sufficient information. Based
on the hyperbolic space, we introduce hierarchical contrastive
learning to encode graph representations that preserve latent
tree-like hierarchical semantic relationships, providing useful
prior knowledge for graph OOD detection. We evaluate our
model in comparison to various approaches on popular graph
OOD detection datasets to demonstrate the efficacy of our
HGOOD-D.

We hope our hyperbolic hierarchical exploration can offer
new insights into GCL. Moving forward, we intend to generalize
this architecture to broader domains, including drug discovery,
knowledge graphs and recommendation systems, to further ver-
ify its real-world applicability.
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