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1 Introduction

Collaborative Filtering (CF) stands out as one of the most popular research topics of recommender
systems, offering an effective solution to the issue of information-overload in a wide range of
web applications [8, 26, 53]. The primary goal of CF tasks is to recommend the most suitable
items for each user to interact with, based on their historical interactions. Early CF methods have
traditionally framed the CF task as a matrix factorization problem [19, 33, 41]. Subsequent research
has emphasized that the crux of solving CF problems lies in modeling the collaborative affinity
between users and items according to their interaction history [11, 28].

With the rapid advancement of Graph Neural Networks (GNN5s) and their notable success in
graph representation and a series of practical downstream tasks [9, 22, 29, 32, 69], an increasing
number of research endeavors have shifted their focus toward applying graph-based methods to
CF. Early works such as NGCF [54] and LightCGN [26] propose to integrate Graph Convolution
Networks (GCNs) into interaction graphs to capture high-order connectivity between users
and items. These graph-based models map the nodes into embedding vectors and fully exploit
neighborhood structures through a message-passing paradigm. Inspired by these efforts, later
graph-based models have further enhanced the model performance and expressiveness of graph-
embedding-based CF methods.

For instance, DGCF [55] introduces disentangled graph convolution to capture the rich semantics
of interactions. UltraGCN [40] extends the propagation function of LightGCN to an infinite number
of layers while simplifying the computation process. JGCF [21] focuses on applying trainable linear
polynomial graph convolution to capture spectral features. Other works concentrate on enhancing
the learning of more representative node embeddings through contrastive-learning methods. SGL
[61] proposes to learn informative node representations through contrastive learning between
original and augmented graphs. LightGCL [3] further enhances the contrastive view with the
Singular Value Decomposition (SVD) of the interaction graphs, offering a spectral perspective.

Despite the prosperity of node embedding-based graph CF models, there are increasing research
works revealing the limitations of such methods and using alternative approaches to achieve state-
of-the-art performance. EASER [51] discusses the closed-form solution of the training objective
for a linear encoder and achieves unexpectedly promising results with a shallow one-layer filter.
Later works focus on obtaining powerful graph filters and tackling CF problems using Graph
Signal Processing (GSP). GF-CF [49] and PGSP [36] explore the effectiveness of graph low-pass
filters as a universal solution for various CF tasks. GS-IMC [4] introduces a class of regularization
functions to address CF as an inductive one-bit matrix completion task. However, it is essential to
note that existing GSP methods heavily rely on manually crafted graph filters, which are usually
derived from empirical observations made with previous CF models that may inevitably introduce
inductive biases into the model. Furthermore, the theoretical analysis of these utilized filters is
currently limited to symmetrical-normalized Laplacian matrices, which consequently restricts the
potential of the adopted graph filters.

To address the aforementioned challenges of graph-based CF models, our work starts with a
comprehensive analysis of the upper bounds of expressiveness achievable by node embedding-based
graph models. From this analysis, we uncover the fundamental connection between traditional
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embedding-based method and low-rank matrix factorization. Consequently, we demonstrate that
the performance of graph embedding models is inherently constrained by their limited embedding
dimensions, thereby highlighting the potential advantages of graph filter-based methods over
graph embeddings. Subsequently, we introduce the rationale behind a novel graph filter-based
approach, denoted as PolyCF, which goes beyond limitations imposed by the embedding size
of nodes. We equip PolyCF with a novel generalized normalization of the Gram matrix as the
filter backbone, enabling it to capture spectral characteristics originating from diverse eigenspace
structures. A learnable polynomial convolution kernel empowers the generalized Gram kernel
with the capability of approximating the optimal filter function tailored to the specific scenario.
A graph optimization target function and a pairwise training objective are jointly employed to
optimize the model parameters. Comparative experiments against a variety of state-of-the-art
CF methods conclusively demonstrate the superiority of the proposed PolyCF. In summary, the
principal contributions of this work can be summarized and listed as follows:

—We conduct a comprehensive analysis of the expressiveness potential of existing node
embedding-based models and introduce PolyCF, a state-of-the-art graph filter-based method
capable of approximating the optimal response function for CF problems.

— We propose the generalized normalization of Gram matrices, empowering the model to capture
various spectral characteristics using a set of generalized Gram filters.

—Extensive experiments on three real-world recommendation datasets have validated the
effectiveness of PolyCF. Further studies and analysis have revealed the functionality of PolyCF
and the generalization capability of the model parameters.

2 Related Works
2.1 CF

CF tasks aim to recommend a personalized set of items to users based on similarities derived
from their past interaction history (7, 18, 57, 70]. Traditional CF methods typically frame CF as
a matrix factorization problem [33, 41]. In contrast, more recent ranking-based approaches have
concentrated on minimizing pairwise ranking loss [39, 48, 52]. Another widely explored class of
methods focuses on modeling the transition relationships between items [1, 20, 27] with random
processes such as Markov Chain.

The growing interest in GNNs [30, 31, 38] and the application of graph-based methodologies
[15, 66] has led recent research in recommender systems to widely adopt graph-based models, such
as sequence recommendation [44, 46, 62], social networks [12, 13], and location-based recommen-
dation [45, 58]. The message-passing structure of GNNs empowers them to capture the topological
structures and exploit implicit similarities present in multi-hop neighborhoods of nodes [65, 67].
Among the notable contributions in this area, NGCF [54] and LightGCN [26] stand as pioneering
work that introduces graph convolution into CF problems. Later works like UltraGCN [40] and
CAGCN [59] seek refinement of the message function of GCNs. There are also researches like CGI
[60], GraphDA [14], RocSE [67], and ClusterGCN [35] that improve recommendation performance
with graph structure learning techniques. Since the progress in graph self-supervised learning,
works like XSimGCL [68], CGCL [25], and MPT [23] have been proposed to integrate unsupervised
learning objectives into a variety of recommendation tasks.

22 GSP

In addition to the traditional message-passing scheme employed by GNNs, there has been a
significant focus on GSP methods, which examine the filtering properties of graph operators from
a spectral perspective [10, 37, 47]. In a typical GSP model, input node features are treated as
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graph signals, and filters derived from the graph topology are applied to process these signals.
Inspired by the pioneering work in GCNs [9], cutting-edge research in the field of GNNs has
unveiled the potential of high-order polynomial graph filters for expressing arbitrary smooth filter
functions [24, 56].

Inspired by the success of GSP, there have been attempts to integrate the capabilities of graph
filters into CF models. Graph filter-based models like EASER [51], GF-CF [49], PGSP [36], and
SGFCF [43] directly process interaction signals from the rows of the interaction matrix and achieve
promising results in various CF tasks. FIRE [63] proposes to incorporate graph filters into incre-
mental recommendations. However, it’s important to note that existing GSP methods still heavily
rely on manually crafted filter structures, which do not fully harness the potential of graph filters.

3 Preliminary

In this section, we will provide a concise overview of graph-based CF and introduce the notations
used in GSP for clarity in the following sections.

3.1 Graph-Based CF

A typical CF task is conceptualized as a matrix completion problem that requires recovering a
matrix with missing values. Specifically, the observed binary interaction matrix R € {0, 1}™*" is
derived from an interaction system involving m users and n items, where R; ; = 1 signifies the
observation of an interaction between user i and item j. The objective of the CF task is to acquire
the reconstructed matrix R* € 0, 1™*" for augmenting R with additional interactions that match
similar users and items according to the collaborative affinity obtained from original matrix R.

For graph-based methods, the CF task is further expanded to a link prediction task. Specifically,

0 R
the corresponding user—item bipartite graph is formulated with the adjacency matrix A = [ RT 0].
The majority of graph-based methods adapt normalized graph convolution [32] to propagate
messages on the bipartite graph. Specifically, the normalized interaction matrix is calculated with a
row- and column-wise normalization of R:
~ 11

R=D,’RD,?, (1)
to balance the edge weights according to node degree. Similarly, the normalized adjacency matrix

x 0
A:|:1§T

its adjacency matrix denoted as G; = RTR, which captures the collaborative relationships among
items. Similarly, the user’s Gram matrix is formulated as Gy = RRT,

§ . In practice, another commonly used graph is the item’s Gram graph, represented by

3.2 GSP

Given a weighted graph G = {7V, 8}, where V represents the node set and & represents the edge
set, the Laplacian matrix L of G is defined with L = D — A, where D = diag{d,, ..., d,} is diagonal
degree matrix. Specifically, the graph signals is presented as x € R!Y!, with each component x;
representing the signal response at node i. Graph filters are defined as mappings on graph signals
and depend on the topological structure of G.

To characterize the smoothness of graph signals, we formulate the graph derivative of a given
signal x using the graph quadratic form [50], formulated as follows:

Sg(x) = xTLx. (2)
The smoothness of graph signals on a given graph structure reflects the overall differences between

adjacent nodes.
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As the Laplacian matrix L is positive semi-definite, it can be further factorized through its
eigendecomposition: L = UT AU, where A = diag{A,, ..., A|y|} is a diagonal matrix that is composed
of eigenvalues of L, U = [uy, ..., uy|] represents a set of corresponding normalized orthogonal
eigenvectors. Graph filters are typically constructed based on the Graph Fourier Transform % = Ux,
which maps the graph signal x into the graph eigenspace:

fg(x) =U"diag{f (M), ... f (A)}Ux. (3)

With the development of spectral graph theory, recent research has increasingly focused on
leveraging graph filter methods to construct CF models. While many of these methods have
achieved promising performance, there is currently no approach grounded in a theoretical analysis
of the expressiveness of graph filters compared to graph embedding methods. This gap limits the
development of more flexible and expressive filter-based models.

4 Methodology

In this section, we will start with conducting a brief review of the current node embedding-
based graph methodologies and discuss their capacity limits. After that, we will introduce the
proposed approach, namely PolyCF. As illustrated in Figure 2, PolyCF employs a multi-channel graph
convolution operator, that comprises a series of generalized Gram convolution kernels. Finally,
we will elucidate the optimization methodology employed to acquire the optimal polynomial
approximation graph filters for CF.

4.1 From Embedding to Filter-Based Models

Numerous graph-based CF methods have emerged, employing node embeddings to represent users
and items, and subsequently, to compute recommendation scores. Nevertheless, the full range
of expressive capabilities and constraints associated with these node embedding-based methods
remains to be explored. As an illustration, we consider the polynomial graph convolution model
and dive into its capacity of recovering missing interactions. An illustrative comparison between
two types of methods will be discussed and is presented in Figure 1.

To formulate a standard embedding-based method, like LightGCN [26] and JGCF [21], it is
parameterized by an embedding matrix E = [EU, EI] € Rimtmxd where Eyy, Er represent node
embeddings for users and items, respectively. The propagation process can then be expressed as a
summation of layer outputs that follows:

K
P(A)E = Z arAFE, (4)
k=0

where oy s denotes the coefficients of the polynomial graph filter. More specifically, the reconstructed
interaction matrix is derived from the inner-product similarity between the propagated embeddings
of users and items:

R = [P(A)ELsm - [P(A)E],, ()

m+1:*

To explore the expressiveness of the resulting reconstructed matrix in Equation (5), we conduct
a more in-depth analysis of the node embeddings obtained through the widely applied graph
convolution layers. Specifically, for arbitrary polynomial graph convolutional models without
layer activation functions, we derive the following theorem to reveal the limitations of such node
embedding-based methods.

ACM Transactions on Information Systems, Vol. 43, No. 4, Article 94. Publication date: June 2025.



94:6 Y. Qin et al.

(@)

(Less Informative)

.0 B
. E: X@@ i’ Intensity Intensity
e /’ Emm ~N Input \:\/L::> \/\ Filtered
N " R4 —_— —

Input Filtered
R Partly

Djjjj Preserving

[o] Gy
H —/ Intensity Intensity

® >: fe - ..

S - = e /Y Input \:\/L::> ~ Filtered
i =/ o
GFT A1 An A1

Input Filtered

M A A, |SFT

A, |GFT

Flexible
(N Responding

Fig. 1. Comparison between node embedding-based method (a) and graph filter-based methods (b). The
filtering process of both approaches is illustrated on the left, while the corresponding spectral responding
behaviors are presented on the right. The embedding-based methods lead to spectral information loss due
to its nature of low-rank factorization, while the filter-based methods offer greater flexibility, enabling
diverse responses such as band-pass smoothing (represented by the green curve) and high-pass enhancement
(represented by the red curve).

1
(2) , () (ry —ru)
| *
L 1 (Tu - TU)T
OW-pass BT
Construct : X X
Generalized !
Normalization ! ';_
| 1
W M
n Pertub Pol il '] I :£+ :
olynomial '
Bz ' o
I : ) J
o] R ' Tu ! i—Ino(),
Kernel ! ‘P| : : i N _f N ";.1
) N —1_
Parameter ' Hy (ry + 2z 1 :_ - _:‘ E
-+ - —K— - > : ?

Fig. 2. A general illustration of the training framework of PolyCF.

THEOREM 4.1. For any polynomial graph filter P(A), there exists L,V € R™ that satisfy the
relationship:

R =R-LVT, (6)
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where both L and V are linear combinations of E; and REy. The computation of these two matrices
depends solely on the polynomial coefficients ay. and the item Gram matrix Gy.

Proor. Notice that the adjacency A is a block matrix and its kth power could be rewritten as:

. G " R] [E G"RE
A2n+1E - U . 5 U — | Ju 1
[ Gr| |R" Er| |GIR'Ey @
. G "[E G"E
g _ |GU Ul _ |bptu
ATE [ GI} EI] [G?EI ’ ®

where Gy, G; represents Gram matrix of users and items. The reconstructed matrix in Equation (5)

can thus be formulated with:
R* = [(Pok(A) + Poges1 (A))Elm - [(Pokc(A) + Pars1(A)EL . o)
= [Poy(Gu)Eu + Pok+1(GU)RE;] - [Pok(G)Er + Pots1 (Gr)R"Ey]”

Notice that the polynomial of user Gram matrix Gys can be transferred into polynomial of
éls via:

Gl =RG!'RY, vn > 0. (10)
The reconstructed R* can be further formulated as:
R" = [RPZ(,ZI)(GI)RTEU + RPyje1(G1)Eq] - [Par(Gr)Ep + Paer (GR"Ey]”
151 1%

=RL D G (aoknBr + akR E0)] - [ ) GiF (cokEr + aoeri R E)] - (1D)
k=1 k=0
=R-LV7,

where the linear combinations L and V are obtained as:
[5-1] L5)

L= Z GH Y (gps1Er + anRTEy), V = Z G (aapEr + agrs1 RTEy). (12)
k=1 k=0

Consequently, we draw the following crucial corollary from Theorem 4.1:

COROLLARY 4.2. For arbitrary embedding-based model (e.g,. LightGCN) that propagates node
embeddings with polynomial graph convolution, there exists a corresponding matrix R’ s.t. the
d-order low-rank factorization of R’ is equivalent to the model’s learned embeddings. Here R’ is
also a polynomial transformation of R that is determined by the propagation scheme.

Theorem 4.1 and Corollary 4.2 reveal the inherent relationship between typical embedding-based
and low-rank factorization methods. Specifically, for a degenerated case P(A) = I, the learned
embedding is equivalent to a classical MF model [5, 33]. Similarly, for an n-layer LightGCN [26]
with the propagation of P(A) = % Yo Al we can also express it with a low-rank decomposition
that based on the polynomial combination of Gy and E; + REy:

s It ~
Risgncen = R ) G (Er+ REp)] - [ ) Gi* (Er + REw)]" (13)
k=1 k=1

From these observations, we can draw several key insights regarding node embedding-based
methods:
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— Expressiveness Limitations of Node Embeddings: The expressiveness of node embedding-based
graph methods is inherently constrained by the embedding size d. This limitation stems from
the fact that the rank of the reconstructed matrix R* is bounded by min{rank(U), rank(V)} <
d. As a result, their ability to recover missing interactions is fundamentally restricted by the
predefined embedding size d. As illustrated in Figure 1(a), this constraint implies the model
could only preserve the top-d eigenvalue information from the interaction matrix at most,
while the high-frequency components are neglected and cannot be fully utilized.

—The normalized item Gram matrix G is the key to overcome the limitations due to the node
embedding size. Specifically, the minimum rank of G; can be bounded by Sylvester inequality:

rank(Gy) > 2rank(R) —m ~ m. (14)

where m represents the number of users. In practice, m is significantly larger than feasi-
ble embedding size d. As illustrated in Figure 1(a), transitioning from a factorization-based
formulation to filtering transformations based on G; can substantially enhance the retained
eigenspace features, therefore incorporating additional information.

Motivated by the insights gleaned from the aforementioned observations, we introduce the
proposed graph filter-based PolyCF, which doesn’t require node embeddings and is built upon
stacking layers of the generalized normalization of Gram convolution kernel.

4.2 Generalized Gram Convolution

Recall that the normalized item Gram matrix is derived from the product of the normalized interac-
tions, given by G; = RTR € R™™". This particular form of the Gram matrix has been widely adopted
to design graph filters in prior studies [36, 49, 51] for capturing item co-occurrence patterns. Despite
its proven effectiveness in practical applications, its characteristics as a graph filter have remained
unexplored. Therefore, we undertake a comprehensive analysis from a graph spectral perspective
to develop a more potent polynomial Gram filter for our proposed PolyCF.

4.2.1 Generalized Gram Filter. In previous works, the Laplacian matrices are often symmetri-
cally normalized, which constrained the expressiveness of the associated graph filter. Studies on
graph convolution [17] have indicated that employing random-walk normalized matrices, akin to
PageRank [2] could yield more personalized propagation outcomes. We extend the idea to encom-
pass more flexible situations and propose the notion of Generalized Normalization. For any given
adjacency matrix A, the generalized normalization of its Laplacian matrix is defined as follows:

I =pY(D-AD' ' =1-DYAD' . (15)

When y = %, this generalized normalization is equivalent to symmetrical normalization, and
when y =1 it becomes random-walk normalization. Similarly, the generalized normalization of
gram matrix Gy is formulated as:

G = ROVTRCY = pYRTDG'RDY ™ (16)

By introducing the concept of generalized normalization for G, we can leverage its adaptable
spectral structure.

THEOREM 4.3. For any y € [0, 1], the Laplacian ofGI(Y) shares the same set of eigenvalues that
satisfies the following inequality relationship:

0<h<..<A <1 (17)
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(r1)

i

(v2)

Moreover, for any p;""" and p;

are arbitrary eigenvectors associated with eigen value A; for él(yl)

and GI(YZ) respectively, the relationship holds:

pi(YI) — D}’l—)’zyi()’z) (18)

Proor. First, we start with calculating the eigenvalues of the interaction adjacency when y = %:

[RT R]

In this special case, it has been proven by previous research [32] that the eigenvalues of A% are

N(l)
G

_1
2
U

_1
2

D U

A = b (19)

1

ol

1
2

D D

I

within [—1, 1]. Notice that the A> = is a diagonal matrix, therefore the eigenvalues

~(l)
1 GI 2 1

of GI(E) are within [0, 1]. For cases where y; # 1, given any A;, pf 2 are pair of eigenvalue and

vector, we have:

~ 1_ (€3 Ly ~(D) _1 1_ (1)
GI(Yl)(DIZ Yllli 2)) :DIZ YIGIZ D}/I z(DIz YI/li 2’y
=D} G (20)
=M 1Hi
1_ H
=AD"
~ (1
The equation indicates that Gl(yl) shares the same eigenvalues with GI( 2)
can be transferred with:

and the eigenvectors

v (3)
ulfyl) =D} y,“iz ) (21)
Similarly, we can conclude that GI(YZ) also shares the eigenvalues and the corresponding eigen-
vectors can be transformed with:
() _ pz7r,(2)
i =DF Tt (22)

1

By combining Equations (21) and (22), we can conclude that the eigenvectors of two generalized
normalizations of Gy on the same eigenvalue can be transformed to each other with:

'ui(Yl) _ D}/l_yzlli(h)- (23)
m]

Theorem 4.3 implies that Gram matrices normalized with different values of y share similar spec-
tral spaces, while still maintaining their distinct eigenspaces. Compared to the regular symmetrized
normalizations, the generalized form offers greater flexibility via different choices of normalization
factors y, thereby framing distinct spectral response functions.

4.2.2  Polynomial Graph Convolution. Having obtained the generalized Gram filters GI(ﬁ ), our
next step is to devise a polynomial spectral filter based on them. To formulate, consider an arbitrary
normalized Laplacian matrix L with its eigendecomposition L = UT AU. Our objective is to identify
the possible form that expresses potential optimal linear filters that depict the transition between
observed interactions and reconstructed interactions. More specifically, for a user with its interaction
history r, € {0, 1}", the Gram filter is applied as:

ri = h(L)r, = UTh(A)Ur, = U diag{h(},), ..., h(A,) }Ury, (24)
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where the h(4) : R — R corresponds to the response function which determines the behavior of
the graph filter. Specifically, the graph filter h(L) operates the interaction vectors by decomposing
the input signals into the eigenspace, and then recombining the spectral components based on
h(A). Drawing inspiration from previous research on polynomial graph convolution [9, 24, 56], we
express h(A) as a linear combination of a set of orthogonal polynomial basis functions:

K
h(M) = Z O - Pr(1- 1), (25)
k=0

where 6y represents the linear coefficient and Px(4) denotes the kth basis function, which
incorporates a k-order polynomial of A. Equation (25) defines a K-order filter function that can be
applied to the spectral domain of the Gram item graph using h(G). There exist various options for
selecting the polynomial basis, such as the Chebyshev basis and the Bernstein basis. Several of the
orthogonal bases have proven to be expressive when fitting to specific response functions, such as
linear low-pass filters [9] or more general bandpass filters [24, 56].

The derived generalized normalization of Gram matrix in Equation (16) enables the model to
conduct graph filtering on an input signal using filters possessing distinct eigenspace structures.
This capability empowers the resulting polynomial filter to leverage the rich spectral features of
graph signals. In summary, the proposed generalized Gram convolution kernel is defined as:

K
Ho(G) = 12 35 0 PG, (26)

yer k=0

where QI(CY) is the parameter of the generalized convolution kernel, which can be optimized using
gradient-based methods. T represents the set of used generalized normalization orders. While
Theorem 4.3 indicates that filters defined over a wide range of y can capture a diverse set of spectral
components, we extend this advantage by incorporating the polynomial filter basis. By adaptively
aggregating the filtering outcomes from diversified eigenspaces, the generalized Gram convolution
is capable of learning more comprehensive filter functions to recover missing interactions.

4.2.3 Low-Pass Enhancement. Despite the generalized Gram convolution kernel presented in
Equation (26) offers a polynomial approximation for the desired graph filter, the optimal filter
describing the transformation between R and R* may not exhibit the desired smoothness when
expressed as a linear filter. As suggested in prior studies [3, 49], a commonly adopted approach is
to employ the ideal low-pass filter to enhance the presence of low-frequency components in the
input interaction signals.

To formulate, the ideal s-pass filter is obtained from the SVD of the Gram matrix, and serves as a
low-rank compression of an original matrix:

Gr=Usv’ (27)
7_(s(GI) = VSVZ’ (28)

where the decomposed Gram matrix G;“/> could be generally normalized to any order f and we
default to § = % The filter function for H; is determined by the low-pass parameter s:

1 A< A
h(A) = 29
@ {0 otherwise. 29)

The ideal low-pass filter enhances the input interaction signals by eliminating high-frequency
noise and retaining the more informative low-frequency components.

ACM Transactions on Information Systems, Vol. 43, No. 4, Article 94. Publication date: June 2025.



PolyCF: Towards Optimal Spectral Graph Filters for Collaborative Filtering 94:11

4.2.4 Comprehensive Polynomial Filter. So far we have developed two key filters: the polynomial
generalized Gram filter Hp and the ideal low-pass filter H;. The overall filtering process for the
PolyCF can be expressed as follows:

Hyry = (Hp + oHs)ry, (30)

where the hyperparameter o is for balancing the tradeoff between low-pass signal enhancement
and polynomial approximation.

In practice, to reduce the computational complexity associated with obtaining the filtered signal
in Equation (30), we adopt the factorized form of the comprehensive filters that fully leverage
sparse matrix multiplication:

Hyry = Hpr, + oHry

K
1 T -
=T > > 0 Pe(D;RT D) (RD} ') (31)
yel k=0

+ wVS(V:STru).

4.3 Model Optimization

In the previous sections, we have outlined the filtering process of the polynomial Gram filter.
Nonetheless, it still needs a target function to optimize the convolution kernel of Hp. While there
have been several widely applied loss functions for CF models, we propose a tailored objective for
PolyCF that better aligns with its goal of optimally approximating the interaction graph filter.

4.3.1 Graph Optimization Objective. To optimize Hp as a low-pass filter, we adapt the graph
filter optimization objective from prior works [56, 64]. For a model-predicted signal r;, and its
corresponding ground truth signal r,, the optimal filter minimizes the inner-product distance
Ly =(ry —r,,1r, — 1)y in a specific product space (, -)¢. In Euclidean space, this is equivalent to
minimizing the Frobenius norm. To encourage smooth differences between r,, and r;;, we define
the product space using the signal spectra, represented by the Laplacian quadratic form [50]:

! = (3) Tp_aW)
Ly = SV =rllE = 16, Ny rui =i ) = (ru =) U= G ) (ru=rl). - (32)
Lj
To optimize the graph filter for reconstructing interactions while maintaining invariance to
permutations, the filtered r}, is obtained as:

ri = Hy(ry +2), z ~ N(0, ), (33)

where the hyperparameter € controls the level of noise added to the original interaction signal of w.
The signal spectra defined in Equation (32) ensure the smooth differences between the predicted
and the true signals, while reducing the overall scale of these differences. The objective L is
introduced to prevent overly focusing on specific items when fitting interaction signals, which
is particularly beneficial for dense interaction graphs where multiple non-zero items exist in the
input signal. Moreover, by introducing random noise z to the input signal, the graph optimization
objective in Equation (32) encourages the learned convolution kernel to behave as a robust filter
against high-frequency noise in signals while preserving valuable low-frequency components.

4.3.2.  Bayesian Ranking (BPR) Optimization. In addition to optimizing PolyCF as a personalized
recommender model, we incorporate BPR [48] loss as a recommendation objective. The BPR objec-
tive function encourages the model to differentiate between positively and negatively interacted
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items, formulated as follows:

Lypr = Z ~Ina(r); — ), (34)
(u,i,j)eO

where O = {(u,1, j)|R,; =1, Ry j = 0} denotes the set of sampled data pairs. During each iteration,
negative items are randomly selected for each observed user—item interaction pair. While widely
applied by many CF models [21, 26], the pairwise formulation of .£;,, ensures the model can
effectively identify all positive interactions, even in cases where the interaction signal r, is rather
sparse. This property complements the £, that focuses on the general difference between filtered
and ground truth signals, providing a more comprehensive optimization strategy.

From the perspective of the optimization of the model, the convexity of the log-sigmoid function
allows us to establish a lower bound for the BPR objective using Jensen’s inequality:

Lipr =Equijyeozenoen[—Ino(ry, —r,;)]

- 35
2 BA-Ino(Euj) [ru —rujD} 9

Given the lower bound of £,,,, we can further vectorize the expectation in the objective and
rewrite the term with filtered graph signals:

Lypr > —%Ez[ln o(Iralrs - ru = (n = Irari - (1= 1))
n—|ryl
|74

~ —E,[Ino(riT - (r, - 1))].

= —MEZ [Ino(r:l - (
n

(1-ry)] (36)

Where the approximation holds because of the fact that, in real-world scenarios, n > |r,|. The
lower bound in Equation (36) indicates that for PolyCF, the BPR objective can be interpreted as
optimizing a specific logistic regression problem with the log-likelihood objective. Compared with
L, that indirectly enhances the model from a signal processing perspective, Ly, directly optimizes
PolyCF to better capture the characteristics of user interaction as binary distributions.

In summary, we combine the two target functions with a weight parameter « to formulate the
general optimization objective of PolyCF:

4.4 Complexity Analysis

For an interaction system with m users and n items, the number of interaction is quantified by the
count of non-zero values in the interaction matrix, denoted as

1 m n
o= Z Z 1r,,40- (38)

i=1 j=1

In practice, the number of interactions #r is significantly smaller than the matrix size m X n,
indicating that R is a sparse matrix. Computing the filtered signal directly using Equation (30) may
hinder the model from capitalizing on this sparsity. Therefore, we decompose the computation
process into two parts in Equation (31) and analyze their computational costs separately to provide
a more comprehensive complexity analysis.
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Table 1. Computational Complexity of Preprocessing and
Inference Stages, Respectively

Model Preprocessing Forwarding
MF O((s#r + s%)C) nd
LightGCN O(m+n+#r) O(K(m+n+ #r)d)
CAGCN O((m+n)3) OK(m+n+#r)d)
GF-CF O((s#r + s*)C + n?) O(n#r)
PolyCF  O((s#r +s*)C +n?) O(K|T|n#r)

The first component in Equation (31), namely #,r,, is obtained via a polynomial graph filter.
We can represent the computation sequence as follows:

K
% D [Pe(D] RTDGHR(D) )1} (39)

yel' k=0

While the filter results from the polynomial basis Py can be updated iteratively as the order
increases, the computational complexity is given by:

O(K|T'|(#r + #rn)) = O(K|T|n#r). (40)

The second component in Equation (31), i.e., Hsry,, can also be simplified via rearranging the
computation sequence. The computational complexity can be represented with:

O(n-s+n-s)=0(n-s). (41)
The overall computational complexity in the inference stage of PolyCF is determined by:
O(K|T|n#r + ns) = O(K|T|n#r). (42)

Given that the selected cut-off frequency s < #r.

We summarize the computational complexity of PolyCF and several representative CF baselines
in Table 1. The forward recommendation for one user is considered as the forwarding process for
complexity computation. Here C is a constant related to the convergence setting in the SVD process
when using power iteration-based solvers such as PROPACK [34].

4.5 Comparison with Existing Model
As a graph filter-based CF model, PolyCF is related to several existing methods that include:

— GF-CF [49]: GF-CF represents one of the pioneering works that introduced the integration
of graph filters into CF models. Both GF-CF and PolyCF share a similar motivation, which
is to overcome the limitations of embedding-based methods by utilizing item Gram graph
filters. However, there are key distinctions between the two approaches. Specifically, GF-CF
is built upon a fixed symmetrically normalized item Gram matrix as a linear response filter
to input signals. In contrast, PolyCF utilizes multiple general normalizations of Gram filter
G to fully exploit the comprehensive spectral features. Additionally, PolyCF extends the
expressiveness of Gram filters by employing a series of polynomial basis functions and obtains
a more flexible response pattern.

— JGCF [21]: JGCF introduces the use of the polynomial Jacobi graph convolution [56] to
enhance the conventional graph convolution employed in LightGCN [26] and has achieved
promising results. Nevertheless, JGCF’s expressiveness upper limit remains constrained by the
predefined node embedding size d. JGCF and PolyCF share common principles in employing
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Table 2. Descriptive Statistics of the Used Datasets

Dataset #User #ltem  #Interactions Density

Amazon-Book 52,643 91,599 2,984,108 0.062%
Yelp2018 31,668 38,048 1,561,406 0.130%
Gowalla 29,858 40,981 1,027,370 0.084%

Electronics 517,255 124,123 4,669,514 0.007%

a more flexible and expressive polynomial graph operator by utilizing a variety of polynomial
basis functions. However, as elaborated in Section 4.1, PolyCF offers more informative filter
results due to its utilization of Gram filters, which provide a richer and more adaptable
representation of the data. This distinction allows PolyCF to potentially outperform JGCF in
terms of recommendation performance and expressive capacity.

—LinkProp [16]: LinkProp views CF as a community modeling and link prediction task, introduc-
ing four hyperparameters to normalize node degree matrices and enhance graph convolution.
LinkProp-Multi further extends the forward process of LinkProp into multi-order propagation.
From a GSP perspective, both PolyCF and LinkProp benefit from the expressiveness brought by
customized convolution kernels. However, compared with the single graph filter of LinkProp
methods, PolyCF formalizes this customization through a spectral framework, emphasizing
the integration of filter outputs across multiple spectral spaces. Additionally, LinkProp’s large
search space, driven by its additional hyperparameters, makes manual fine-tuning compu-
tationally expensive. The model fine-tuning becomes extremely costly for LinkProp-Multi,
which involves multiple propagation layers. In contrast, PolyCF adaptively identifies the
optimal convolution kernel via learnable signal processing objectives, enhancing its potential
of capturing subtle spectral information.

5 Experiment

In this section, we present a series of comprehensive experiments conducted on three CF datasets.
These experiments aim to showcase the effectiveness and robustness of the proposed PolyCF.
Additionally, we perform in-depth ablation and parameter studies to investigate the functionality
of different modules within PolyCF and analyze its sensitivity to hyperparameters.

5.1 Experimental Settings

5.1.1 Dataset and Evaluation Metric. We evaluated the performance of PolyCF and compared
baseline methods on three widely adopted datasets, namely Amazon-Book, Yelp2018, and Gowalla.
We adopt the same train/test set split to keep consistency with previous works [26, 39, 49]. We
randomly choose 10% of the train set to tune hyperparameters for our model.

In addition to the three widely used benchmarking datasets, we conduct further experiments
to evaluate the effectiveness of PolyCF on scenarios involving extremely large-scale or sparse
datasets. Specifically, we utilize a subset of the Amazon Reviews dataset [42], namely Electronics.
We conduct the 5-core cleaning strategy [54] and retain only reviews with ratings of 4 or higher (out
of 5). Compared with the other datasets, the Electronics subset is significantly larger and sparser,
providing a robust benchmark to assess the model’s performance in handling sparse data and its
computational efficiency in large-scale interaction systems. The statistics of the used datasets are
listed in Table 2.

To evaluate the performance of our PolyCF, we adopt two widely used evaluation metrics, namely
Recall@K and NDCG@K. We set the value of K to 20 for consistency across different methods.
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5.1.2  Compared Baselines. We compare the performance of the proposed PolyCF with a wide
range of baseline models from three perspectives, listed as follows:

— CF-Based Models: Traditional collaborative filer methods that focus on depicting the collabo-
rative affinity between users and items. Include models that are based on matrix factorization,
i.e., NeuMF [28] and ENMF [6], which decompose and compress the original interaction, or
based on two-tower structures, i.e., BPR [48], YoutubeDNN [8] and SimpleX [39], which aim
at modeling the pairwise similarity between users and items.

— GNN-Based Models: Models that leverage GNNs to capture the high-order similarities between
nodes on interaction graphs, including APPNP [17], LightGCN [26], DGCF [55], UltraGCN
[40], CAGCN [59] and JGCF [21].

— Graph Filter Models: Models that integrate graph filters to processing interaction graph signals,
including EASER [51], GF-CF [49], LinkProp-Multi [16], PGSP [36], and SGFCF [43].

5.1.3 Implementation Details. We have implemented the proposed PolyCF using the PyTorch
framework. For the baseline methods we compare against, we either duplicate the performance
results from their original papers or reproduce the results based on the open source implementations.
In the case of our PolyCF, the normalization order set I consists of four values chosen from the
interval [—1, 1] with a fixed step size of 0.1. In other words, we tune the initial y, € [—1,0.6]
and the T is parameterized as T' = {y, + 0.1i}}_,. The cut-off frequency order s is tuned from
{64, 128, 256,512}. The polynomial order K is fixed at K = 5, since larger K would only bring
marginal performance improvements according to our experiments. The weight parameter for
the objective function is fixed at « = 1. We apply a dropout method on the convolution kernel
with dropout rates tuned from {0.2, 0.4, 0.6, 0.8}. The perturbation strength is fixed as € = 1. The
convolution parameters are optimized using stochastic gradient descent with a learning rate of
Ir = 1073, Various polynomial basis functions can be used in Equation (25). We select Py from
several widely applied basis functions for signal filters including: Monomial basis, Chebyshev basis,
Bernstein basis, Jacobi basis, and Hermite basis. We adopt the Jacobi basis as the default for PolyCF.

5.2 General Comparison

We conduct the general experiments of the proposed PolyCF and the compared methods on the
aforementioned three datasets and record their recommendation performance. From the results
reported in Table 3, we make the following observations:

—The proposed PolyCF outperforms currently advanced methods, achieving state-of-the-art
recommendation performance across all datasets. Specifically, PolyCF outperforms the best
baseline method by over 1.5%, 0.71%, and 0.94% relative improvement on Recall@20, over 2.9%,
0.68%, and 1.00% relative improvement on NDCG@20. This improvement underscores the
effectiveness of the idea of integrating generalized polynomial Gram filters and ideal low-pass
filters in recovering missing interactions from input signals.

— Graph-based methods exhibit superior performance compared to traditional CF methods,
highlighting the advantages of leveraging graph structures to model collaborative affinity
between users and items. Notably, graph filter-based methods consistently demonstrate
superior and more stable performance in comparison to GNN-based models. This observation
aligns with the insights derived from Theorem 4.3.

— Graph filter-based methods tend to excel on sparser datasets, such as Amazon-Book and
Gowalla, while other embedding-based methods exhibit better performance on relatively
denser datasets like Yelp2018. This pattern suggests that models can obtain significant benefits
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Table 3. The Test Results of PolyCF and All Baseline Methods

Amazon-Book Yelp2018 Gowalla
Method
Recall@20 NDCG@20 Recall@20 NDCG@20 Recall@20 NDCG@20
BPR [438] 0.0250 0.0196 0.0433 0.0354 0.1291 0.1109
CF-based NeuMF [28] 0.0258 0.0200 0.0451 0.0363 0.1399 0.1212
models ENMF [6] 0.0359 0.0281 0.0624 0.0515 0.1523 0.1315
YoutubeDNN [8] 0.0502 0.0388 0.0686 0.0567 0.1754 0.1473
SimpleX [39] 0.0583 0.0468 0.0701 0.0575 0.1872 0.1557
APPNP [17] 0.0384 0.0299 0.0635 0.0521 0.1708 0.1462
GNN-based LightGCN [26] 0.0411 0.0315 0.0649 0.0530 0.1830 0.1554
models DGCF [55] 0.0422 0.0324 0.0654 0.0534 0.1842 0.1561
UltraGCN [40] 0.0681 0.0556 0.0683 0.0561 0.1862 0.1580
CAGCN' [59] 0.0510 0.0403 0.0708 0.0586 0.1878 0.1591
JGCEF [21] 0.0692 0.0559 0.0701 0.0579 0.1894 0.1593
EASER [51] 0.0710 0.0567 0.0657 0.0552 0.1765 0.1467
Graph filter GF-CF [49] 0.0710 0.0584 0.0697 0.0571 0.1849 0.1518
models  LinkProp-Multi [16]  0.0721 0.0588 0.0690 0.0571 0.1908 0.1573
PGSP [36] 0.0712 0.0587 0.0710 0.0583 0.1916 0.1605
SGFCF [43] OOM OooOM 0.0682 0.0548 0.1773 0.1499
PolyCF 0.0730* 0.0605% 0.0715% 0.0590% 0.1934% 0.1621%

The highest performance is emphasized with bold font and the second highest is marked with underlines.
#Indicates that PolyCF outperforms the best baseline model at a p-value < 0.05 level of paired ¢-test.

from the filter results that capture the global relationships within interaction graphs, particu-
larly in cases where training data is sparse.

Additionally, we utilize Electronics subset and three sparse versions of Yelp2018 dataset, which
retain random subsets of 5%, 15%, and 25% of the interactions from original training set. From
the experimental results presented in Table 4, we can observe that graph filter methods achieve
significant improvements over graph embedding methods on extremely large datasets. On the
other hand, graph embedding methods show advantages when most of the interactions are taken
from the interaction graph, thereby leading to low-connectivity graph filters. Notably, PolyCF
outperforms all the baseline methods, demonstrating its flexibility when dealing with extremely
large and sparse interaction systems, where the generalized Gram filter alleviates the sparsity issue
with more comprehensive spectral information.

5.3 Ablation Study

The proposed PolyCF incorporates a polynomial generalized Gram filter and an ideal low-pass
filter to approximate the optimal filter function for recovering missing interactions. Additionally,
a graph optimization objective function and a BPR ranking loss are leveraged to optimize the
parameters of the polynomial filter. To gain a deeper understanding of the contributions of each
module and how PolyCF benefits from the proposed optimization components, we conducted
comprehensive ablation studies. These studies help dissect the role and impact of each element
within PolyCF.

5.3.1 Functionality of Graph Filters. The two graph filters applied in PolyCF serve distinct
purposes: the flexible polynomial generalized Gram filter aims to approximate the optimal response
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Table 4. Performance Comparison of PolyCF and Several Representative Baseline Models on
Extremely Large and Sparse Datasets

Electronics Yelp-5% Yelp-15% Yelp-25%
Recall@20 NDCG@20 Recall@20 NDCG@20 Recall@20 NDCG@20 Recall@20 NDCG@20

LightGCN [26]  0.0337 0.0246 0.0151 0.0126 0.0308 0.0252 0.0342 0.0287
JGCF [21] 0.0424 0.0318 0.0147 0.0116 0.0311 0.0239 0.0313 0.0265
GF-CF [49] 0.0694 0.0583 0.0113 0.0096 0.0210 0.0181 0.0295 0.0249
PGSP [36] 0.0724 0.0623 0.0125 0.0106 0.0271 0.0212 0.0300 0.0258
SGFCF [43] OOM OOM 0.0149 0.0137 0.0294 0.0241 0.0312 0.0259

Method

PolyCF 0.0823 0.0691 0.0248 0.0198 0.0391 0.0304 0.0450 0.0346

Yelp-x% indicates the percentage of kept interactions from a training set.
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Fig. 3. Model performance with different settings.

function, while the ideal low-pass filter enhances low-pass components, thereby improving the
model’s expressiveness. To comprehensively assess the contributions of these components, we
conducted experiments comparing the performance of PolyCF with four variants:

(1) W/O-Poly: This variant of PolyCF excludes the polynomial Gram filter, in other words, the
input signals are solely processed with the ideal low-pass filter to make recommendation
results.

(2) W/O-Kernel: In this variant, we replace the polynomial convolution kernel in PolyCF with a
1-order normalized Gram with fixed weight parameter.

(3) W/O-Norm: This variant of PolyCF removes all the other additional generally normalized

1

Gram kernels, using only the polynomial of G; 2,

(4) W/O-Low: In this variant, we omit the ideal low-pass filter H; and rely on the polynomial
filter.

By comparing the performance of these variants, we can gain insights into the individual
contributions of each module in PolyCF. Based on the results of ablation study presented in
Figure 3, we can draw the following conclusions:
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Table 5. Model Performance w.r.t. Optimization Targets
Method Amazon-Book Yelp2018 Gowalla Electronics
Recall@20 NDCG@20 Recall@20 NDCG@20 Recall@20 NDCG@20 Recall@20 NDCG@20

GF-CF 0.0710 0.0584 0.0697 0.0571 0.1849 0.1518 0.0694 0.0583
LinkProp-Multi ~ 0.0721 0.0588 0.0690 0.0571 0.1908 0.1573 0.0724 0.0623
PGSP 0.0712 0.0587 0.0710 0.0583 0.1916 0.1605 0.0732 0.0629
W/O-Lppr 0.0718 0.0592 0.0709 0.0583 0.1920 0.1607 0.0593 0.0541
W/O-Ly 0.0721 0.0600 0.0712 0.0587 0.1912 0.1599 0.0820 0.0687
Origin 0.0730 0.0605 0.0715 0.0590 0.1934 0.1621 0.0823 0.0691

— All components of PolyCF help to improve model’s capability of modeling the optimal graph
filter. Specifically, when the polynomial filter is removed, PolyCF experiences the most sig-
nificant performance decline, due to the removed relative signals. This observation indicates
that the flexibility brought by a generalized polynomial graph filter is the key element for
PolyCF to achieve its state-of-the-art performance, which illustrates the idea of extending
handicraft graph filters into learnable graph convolution filters.

— Among the other components, the absence of a polynomial kernel in PolyCF leads to the
most notable performance decline. This suggests that the presence of polynomial Gram filters
empowers the model to effectively capture informative features and approximate the optimal

filter function.

5.3.2  Effectiveness of Optimization Target. Recall that PolyCF is optimized via a pair of
optimization targets: a graph-based optimization objective £, and a Bayesian-based ranking
loss Ly, We conduct ablation studies on these two different optimization objectives to validate
their effectiveness on PolyCF’s performance. From the performance illustrated in Table 5, we can

observe that:

—Both £, and Ly, are crucial to maintaining stable and adaptable performance across different
datasets. This observation suggests that the two objective functions complement each other:
the graph optimization objective formulates the model as a general, robust interaction filter,
while the BPR loss drives PolyCF towards approximating the optimal filter for personalized

rankings and recommendations.

—Specifically, the objective £, has a greater impact on dense datasets (e.g. Gowalla), while Ly,
is the key for achieving superior performance on sparser datasets (Amazon-Books, Yelp2018,
and Electronics). This observation aligns with the intuition behind the two objectives: the graph
optimization excels in dense settings, while the pairwise ranking loss stabilizes performance

in sparse scenarios.

—It is noteworthy that LinkProp-Multi outperforms several ablation baselines of PolyCF
in Amazon-Book and Yelp2018 datasets, which implies the benefit of explicitly modeling
the degree of influence. However, as discussed in previous sections, the performance of
LinkProp model is highly dependent on finely tuned hyperparameters and lacks a com-
prehensive spectral perspective in its filtering process. These drawbacks limit its perfor-
mance, particularly for datasets with large-scale or complex spectral characteristics, such as

Electronics.

5.3.3 Compatibility of Generalized Normalization. As the proposed polynomial Gram filter can
be integrated into other graph-based methods that leverage a normalized Laplacian of graphs, we
validate the generalization capability of the filter by extending three representative Laplacian-based
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Table 6. Performance of Applying Generalized Normalization Adjacency on Other
Graph-Based Methods

Amazon-Book Yelp2018 Gowalla
Method
Recall@20 NDCG@20 Recall@20 NDCG@20 Recall@20 NDCG@20

LightGCN 0.0411 0.0315 0.0649 0.0530 0.1830 0.1554
LightGCN* 0.0431 0.0327 0.0654 0.0539 0.1856 0.1561
CAGCN 0.0516 0.0412 0.0699 0.0574 0.1884 0.1596
CAGCN’ 0.0522 0.0419 0.0707 0.0581 0.1891 0.1598
JGCF 0.0692 0.0559 0.0701 0.0579 0.1894 0.1593
]GCF* 0.0699 0.0572 0.0704 0.0583 0.1898 0.1596
Origin 0.0730 0.0605 0.0715 0.0590 0.1934 0.1621

models: LightGCN, CAGCN (originally noted as CAGCN' in Table 3), and JGCF with the gen-
eralized polynomial filter. Specifically, model denotes the original model enhanced with a gen-
eralized kernel, with the hyperparameters for the convolution kernel specifically tuned for
each model.

From the experimental results in Table 6, it is noteworthy that the application of our proposed
generalized normalization form extends seamlessly to these graph Laplacian-based methods. The
experimental results confirm its ability to capture rich spectral information from user interaction
history. Additionally, given JGCF’s inherent use of a polynomial graph convolution operator, in-
corporating our polynomial Gram filter aligns well with its existing structure, while the model
could still benefit from the generalized normalization technique.

5.3.4 Influence of Chosen Polynomial Basis. The polynomial Gram filter in PolyCF is represented
using a series of polynomial basis functions. Prior research on spectral GNNs [56] suggests that
orthonormal basis functions in the polynomial space tend to offer optimal convergence performance.
In other words, polynomial basis functions that satisfy the following condition:

2
I=(P,P;)= /A BB (WA Vi j €, (43)

where W(A) denotes a kernel space on which polynomial basis functions Py are orthonormal to
each other. Furthermore, one can construct new basis functions based on any arbitrary kernel
metric W(A) using the Gram-Schmidt process. For instance, the Jacobian bases are constructed
from the kernel metric of W(1) = (1 — 1)%(1 — 1) with a, f as predefined parameters.

To assess the influence of the chosen polynomial basis, we evaluate the performance of PolyCF by
replacing the polynomial basis P with several widely applied basis functions and the experimental
results are presented in Table 7. The ablation study includes non-orthogonal bases including
Monomial, Butterworth, and Berstein, as well as orthogonal bases including Hermitian, Chebyshev,
and Jacobian bases. Notably, for the Chebyshev basis, we select Type I Chebyshev filters to better
respond to the low-pass frequency signals.

Based on the experimental results, it is noteworthy that the choice of polynomial basis functions
does not significantly impact the recommendation performance. Generally, PolyCF equipped with
Jacobian filters as polynomial bases would achieve promising results; therefore, we choose Jacobian
filters for other experiments by default.
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Table 7. Model Performance w.r.t. Different Polynomial Basis of the Convolution Kernel

Amazon-Book Yelp2018 Gowalla
Method
Recall@20 NDCG@20 Recall@20 NDCG@20 Recall@20 NDCG@20
Non-orthogonal =~ Monomial 0.0531 0.0443 0.0605 0.0491 0.1741 0.1435
bases Butterworth 0.0503 0.0420 0.0619 0.0502 0.1649 0.1355
Berstein 0.0702 0.0571 0.0683 0.0561 0.1915 0.1608
Orth 1 Hermite 0.0732 0.0602 0.0710 0.0584 0.1922 0.1611
r ) ogona Chebyshev  0.0727 0.0604 0.0698 0.0579 0.1936 0.1625
ases Jacobi 0.0730 0.0605 0.0715 0.0590 0.1934 0.1621
Basis with the best performance is highlighted in bold.
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Fig. 4. Model performance w.r.t. cut-off frequency s.

5.4 Parameter Analysis

The proposed PolyCF involves pre-defined hyperparameters that can significantly influence rec-
ommendation performance. Therefore, we conduct parameter studies to evaluate the sensitivity of
PolyCF to these hyperparameters.

5.4.1 Influence of Cut-Off Frequency. The used ideal low-pass filter H; depends on a cut-off
frequency s that defines the bandwidth of the filtered components. We conducted a parameter
study by adjusting the value of s and reporting the model’s performance. From the results in
Figure 4 we can draw the following conclusions:

—The choice of cut-off frequency s plays a crucial role in PolyCF’s performance. A proper
selection of s empowers PolyCF to effectively utilize the most informative part of each input
interaction signal. In contrast, extremely large or small cut-off selection would lead to sub-
optimal due to the missing components lying in the informative low-pass region of input
signals.

—The optimal cut-off frequency s varies across different datasets. This suggests that the most
informative signal bandwidth for CF is flexible and can adapt to the characteristics of different
user—item interactions.

5.4.2 Influence of Low-Pass Filter. The comprehensive graph filter of PolyCF is represented as a
weighted sum of two separate filters. As shown in Equation (30), a weight parameter « controls
the low-pass components of input signals in model’s recommendation results. To investigate the
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Fig. 6. Model performance w.r.t. normalization orders T

influence of w, we conduct parameter studies and the model performance is shown in Figure 5. It
can be observed that

—The weight of low-pass components would significantly influence the overall model perfor-
mance. While the model could suffer from non-significant low-pass signals, large amount of
low-pass components would hinder the model from optimizing the kernel parameters.

— While the optimal choice of the low-pass weight is data-specific, a relatively small » would
be beneficial for model performance in most cases.

5.4.3 Influence of Normalization Order Set. Recall that the generalized normalization order of
PolyCF is selected from a parameter set I'. The y € I" determines the model’s perception of input
signals from a spectral perspective, thereby affecting its recommendation performance. To verify
the model’s sensitivity to I', we conduct a parameter analysis and present the results in Figure 6.
By comparing the model’s performance with respect to the average normalization order y and the
baseline (which removes the generalized normalization), we can observe that the optimal choice
of T varies across datasets. In general, a set of I" values centered around positive values tends to
maximize the benefits of multiple eigenspace perceptions. However, extreme values of y may lead
to performance degradation.

5.5 Convergence Efficiency of Models

In practice, the efficiency of model training and convergence is an important requirement for
industry-level recommender systems. To access PolyCF’s efficiency of convergence in real-world
training scenarios, we record the time of training from the preprocessing phase until the optimal
convergence epoch of PolyCF and several representative CF models. From the results presented in
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Table 8. Convergence Time of PolyCF and Several Representative
Baseline Methods

Model Amazon-Book Yelp2018 Gowalla Electronics

LightGCN 77,304 s 54,417s 32,829 s 362,063 s
CAGCN 38,267 s 14,160 s 10,611 s 180,177 s
JGCF 49,118 s 32,009s 17,425 s 259,312 s
PolyCF 4521 s 3,124 s 1,842 s 21,615 s

Table 9. Model Performance on Each User Group

Spectra (Top) ~20% 20~40%  40~60%  60~80% 80%~  Overall
W/O-Norm  0.1740]] 0.1748]] 0.2059T  0.205817 0.1880—  0.1872
W/O-Low 0.19207  0.1848—  0.19217  0.19317 0.1621]] 0.1893
PolyCF 0.1867|  0.1885—  0.2027T  0.20907T  0.1874] 0.1934

Popularity (Top)  ~20% 20~40% 40~60%  60~80% 80%~  Overall

W/O-Norm  0.1696)] 0.1816)  0.19717  0.1944] 0.2016]T 0.1872
W/O-Low 0.1740)] 0.1820) 0205177 0.1900—  0.19317  0.1893
PolyCF 0.1756)] 0.1853]] 0212677 0.1932— 0.211717 0.1934

The marks T, |, and — indicate the users’ group-aware performance against the overall model
performance.

Table 8, we can observe PolyCF’s remarkable advantage in convergence time as datasets scale up.
This advantage attributes to its lower computational complexity per training epoch and relatively
small parameter size. These characteristics of PolyCF enable it to convergence within a few epochs,
comparing with embedding-based models that need to maintain the entire embedding table.

5.6 Interpretability of Recommendation Results

Interpretability is a crucial aspect of evaluating recommender models in real-world applications.
To deepen our understanding, we conducted comprehensive studies on PolyCF’s recommendation
interpretability for diversified user groups. PolyCF benefits from the rich spectral information
obtained by the polynomial Gram filter. To validate this, we categorized users based on their spectral
and collaborative characteristics and evaluated PolyCF’s recommendation performance on different
user groups correspondingly.

To be specific, we assign each user u into clusters in two manners: from the spectral view, the

spectra of r, by calculating ] (I — é(%))ru; from the collaborative view, we obtain the degree of u
n

on the user-item interaction graph deg(u) = 3 Ry;. Generally, r,, with higher spectra shows more
i=0

i
oscillations in the spectral field, which reflects the user’s diversified interests in different clusters
of items. Meanwhile, users with higher degrees indicate his/her frequent interactions with a wide
range of items. We equally split the users into five groups (from top 0% to top 100%) according to the
two aforementioned indices and validate the model performance on each user group, respectively.
The Recall@20 of recommendation results on different user groups on Gowalla dataset are listed in
Table 9.

From the results, we can conclude the functionality of the generalize normalization of Gram
matrix, as well as the idea low-pass filter of the PolyCF model. Specifically, the generalized Gram
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Table 10. Model Performance on Perturbed Interactions

Model (Recall@20) Missing (low) Missing (high) Noisy (low) Noisy (high) Popularity Origin

LightGCN 0.1774 0.1752 - - 0.1802 0.1830
PGSP 0.1847 0.1790 0.1835 0.1773 0.1884 0.1914
PolyCF 0.1911 0.1872 0.1914 0.1882 0.1901 0.1934

Model NDCG@20) Missing (low) Missing (high) Noisy (low) Noisy (high) Popularity Origin

LightGCN 0.1460 0.1423 - - 0.1513 0.1554
PGSP 0.1559 0.1463 0.1543 0.1431 0.1581 0.1604
PolyCF 0.1604 0.1573 0.1605 0.1580 0.1592 0.1621

filter provides rich spectral information, providing robustness when dealing with users with
diversified spectral characteristics, as well as popular users that have wide ranges of interests.
On the other hand, the ideal low-pass filter performs well on users with consistent interests and
provides more constructive recommendations for users with less interaction history. Together,
these modules enable PolyCF to offer comprehensive and interpretable recommendations.

5.7 Robustness of PolyCF

Being robust to different situations of inputs is important for real-world recommender systems.
We conduct three sets of experiments to compare PolyCF’s robustness with some widely used
baselines. Specifically, we adopt three kinds of perturbed data, which are (1) missing interactions,
where the observed interactions of r, are randomly masked in a fixed ratio, (2) noisy data, where
the input rys are perturbed with a certain scale of Gaussian noises, and (3) popularity bias, where
user’s interactions with less popular items are more likely to be masked from r,,. By comparing the
model performance under these three perturbation situations, we record the model performance
on Gowalla datasets and the experimental results are listed in Table 10.

The experimental results demonstrate PolyCF’s robustness compared to baseline models, main-
taining resilience in the face of noisy inputs and popularity biases. This is because the graph
optimization objective empowers PolyCF to filter out the high-pass noises as well as minor pertur-
bations on the interaction signals.

5.8 In-Depth Study

5.8.1 Generalization of Convolution Kernel. The polynomial Gram filter is parameterized using a
series of 0!'s to represent the convolution kernel. Previous research that employed straightforward,
manually designed graph filters [49] has suggested the presence of shared similarities among the
optimal response functions across different datasets. This raises the question of whether such
generalization of simple filters still holds true for PolyCF.

To investigate this, we test the generalization of filter parameters by firstly training PolyCF on
three datasets to obtain the corresponding sets of 6 values that characterize the optimal graph
kernel. Subsequently, we apply these obtained sets of polynomial filters to other datasets to assess
PolyCF’s generalization capability. We report the relative improvement of the transferred results
over the performance of PolyCF with randomly initialized parameters. From results in Figure 7 we
can observe that, compared to randomly setting the convolution kernel, the parameters obtained
from other datasets remain effective to a certain extent.

Additionally, it’s noteworthy that the filter transferred from another dataset does not achieve
comparable performance compared to the filter trained on the current dataset. This suggests that
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Fig. 7. PolyCF’s generalization performance.
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Fig. 8. Visualization of PolyCF’s convolution kernel.

there are distinctive features within interaction signals specific to different datasets. This observation
also underscores the limitations of manually crafted filters, as they may struggle to approximate
distinct optimal filter structures tailored to individual datasets.

5.8.2  Visualization of Polynomial Filter. The filtering process of the polynomial Gram filter
depicts a response function that captures characteristic spectral features of input interaction
signals. To intuitively show the learned response function, we visualize the response function and
the corresponding polynomials based on the parameters of the convolution kernel obtained from
the three datasets by combining the filter coefficients and corresponding polynomial basis.

From the visualization results in Figure 8, we can observe that the polynomial filter exhibits a
more complex structure in its response function. This complexity arises from the distinct eigenspace
structures introduced by the multiple generalized normalizations of the Gram matrix, enabling
the polynomial convolution kernels to collaborate with each other and form a more expressive
convolution structure. In general, the convolution kernel tends to resemble a low-pass filter, which
aligns with empirical observations from prior research. However, there can still be a negative gain
function corresponding to specific ys, which complements the general response function. More
specifically, convolution kernels with smaller y values tend to produce a steeper response function.

6 Conclusion

In this work, we dive into the expressiveness upper bound of previous node embedding-based CF
methods. To break the limits of existing methods, we propose PolyCF, which is a graph filter-based
model that solves the CF problem via GSP. Specifically, PolyCF incorporates a polynomial graph
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filter, wherein the convolution kernel is constructed from a sequence of generalized normalization
of Gram matrices. This design allows it to effectively capture distinctive spectral characteristics
originating from diverse eigenspace structures. A graph optimization-based objective function
as well as a BPR objective function are jointly used to optimize PolyCF, as an approximation of
the optimal graph filter that can recover the missing interactions. An extensive set of experi-
ments demonstrates that the proposed PolyCF attains state-of-the-art performance across three
widely used CF datasets. Furthermore, our additional investigations verify the functionality of each
component within PolyCF.
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