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Reversible Column Disentangled Augmentation
Tricks for Graph Contrastive Learning

Yuntai Ding”, Tao Ren ", Yifan Wang

Abstract—Graph contrastive learning (GCL) has garnered
significant attention for its self-supervised graph representation
learning without label information and excellent generalization
to downstream tasks. However, data augmentation for graph-
structured data is more challenging than that for images.
We argue that simple data augmentations for GCL may risk
damaging the intrinsic structure of the graph or creating
views that are not diverse enough. Additionally, typical layer-
by-layer feature propagation processes compress or discard
pretext task-irrelevant feature information, resulting in unstable
and suboptimal performance for unaligned downstream tasks.
In this paper, we propose a novel framework termed Rev-
GCL, which aims to maintain multi-level graph semantics
without information loss via reversible column disentangled model
augmentation tricks. Specifically, we propose a multi-column
network with reversible connections as our encoder, where all
columns share the same structure and receive a copy of the
input graph. The reversible connections between columns ensure
lossless transmission, allowing representations to be gradually
disentangled from low-level to high-level semantics. Based on this,
we introduce two model augmentation tricks, random propagation
and asymmetric column, to construct different sibling encoders.
These methods generate diverse graph views that can filter out
high-frequency noise in contrastive learning, thereby yielding more
generalizable node feature representations. Extensive experiments
on eight commonly benchmark datasets demonstrate that Rev-
GCL consistently outperforms existing state-of-the-art methods in
node classification, clustering and link prediction tasks.

Index Terms—Graph contrastive learning,
representation learning, reversible networks.
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I. INTRODUCTION

GRAPHS serve as a universal data representation for mod-
eling complex relationships between objects in a wide range of
real-world multimedia applications, e.g., molecule graphs [1],
biology networks [2], citation networks [3], social networks [4]
and recommender systems [5], [6], etc. For graph-structured
data, Graph Neural Networks (GNNs) [7] are widely acknowl-
edged for learning graph patterns by employing a message-
passing scheme, where the node’s representation is updated by
leveraging information from neighboring nodes and connected
edges. However, training high-quality GNNs usually requires a
substantial amount of task-specific labels, which is highly ex-
pensive and time-consuming.

Contrastive learning (CL) has gained significant attention as a
promising approach to address label dependence [8]. By pulling
similar samples together and pushing dissimilar samples apart,
the method is able to learn the discriminative representation
within a self-supervised learning framework and achieves sig-
nificant success across multiple downstream tasks. Motivated
by the impact of contrastive learning in the visual domain, re-
searchers have extensively explored its application to graph data.
Despite technical variations, most graph contrastive learning
(GCL) methods share the same high-level framework as those in
the visual domain. Typically, GCL first generates different views
of the source graphs, and then optimizes the GNN encoder by
contrasting positive and negative views. Therefore, the effec-
tiveness of GCL heavily relies on the quality of the augmented
graph samples.

Generally, data augmentations for graphs are motivated by
developments in computer vision. In image data augmentation,
transformed samples are generated by applying random opera-
tions to the target image, e.g., resizing, cropping, rotating, and
color distortion. Similar to image data augmentation, common
techniques for graph data augmentation include node feature
masking, node feature shuffling, edge modification, graph diffu-
sion, and subgraph sampling [8]. For example, DGI [9] employs
a corruption function to get the augmented negative graph by a
row-wise shuffling of the node feature matrix. GRACE [10] and
CCA-SSG [11] generate an augmented graph as a positive sam-
ple by randomly masking node features and dropping edges.
MVGRL [12] leverages two different graph diffusion meth-
ods based on heat kernel [13] and Personalized PageRank [14]
to capture global graph structural information. GraphCL [15]
and JOVO [16] conduct a systematic analysis of the effects
of four data augmentation methods and their combinations on
downstream tasks. AD-GCL [17] and ARIEL [18] generate the
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adversarial graph view by maximizing the graph contrastive loss
in a learning-based manner.

Despite the encouraging performance of these GCL methods,
we argue that existing graph augmentation methods continue to
be inadequate due to the following constraints. (1) Heavily rely
on the human prior knowledge. Unlike image data augmenta-
tion, where we have intuitive visual understanding of how to
alter an image without changing its labels, graph data augmen-
tation is far less intuitive for humans. This can result in graph
augmentations that are either too similar to or drastically dif-
ferent from the original graph. (2) Neglect the nuances between
different levels of semantics within the graph. The Information
Bottleneck (IB) principle [19] posits that lower layers in GNNs
capture more local information, while higher layers closer to
the output contain richer semantic information. This means that
irrelevant information is gradually filtered out through the lay-
ers. Although this approach has proven to be highly effective in
many practical applications, it may not be the best choice when
the learned semantic information does not align with the tar-
get tasks. This issue is particularly significant in self-supervised
contrastive learning frameworks, where varying levels of seman-
tic information can also impact downstream task performance.

Recently, disentangled representation learning has been in-
creasingly investigated. Instead of the IB principle, which ex-
tracts the most relevant information while discarding the less
relevant, disentangled representation learning aims at learn-
ing factorized representations that are able to uncover differ-
ent task-relevant information in a few decoupled dimensions.
For graph-structured data, disentangled representation learning
aims to break down underlying relationships and primarily fo-
cuses on identifying the latent factors that create edges between
nodes. For example, DisenGCN [20] learns to disentangle the
latent factors behind graph data via a neighborhood partition.
LGD-GCN [21] further considers the global factor-specific in-
formation of nodes via constructing different subspaces w.r.t.
obtained different latent disentangled units. However, the ex-
traction of multiple levels of relevant semantic representations
in response to the demands of downstream tasks for each node
remains largely unexplored.

In this work, we propose Rev-GCL, a novel Reversible
column-based model augmentation trick to learn disentangled
representation for Graph Contrastive Learning, which is greatly
inspired by the family of Reversible Networks [22], [23], [24],
[25], [26]. Different from previous GCL methods that con-
struct different graph views and use identical GNNs as view
encoders, our model focuses on model augmentation tricks
for encoders to generate contrastive views. Specifically, our
graph encoder consists of multiple subnetworks, referred to
as columns, which share the same structure but with different
weights. For each column, it receives a copy of the graph and
generates embeddings at multiple GNN levels, ranging from low
to highly semantic representations. Along with feature propa-
gation among nodes, reversible connections are introduced to
transfer features between columns in a bottom-up manner, en-
suring a gradual learning of disentangled representations with-
out any information loss. Based on the proposed reversible
columns encoder, we introduce two data augmentation tricks:
(1) Random Propagation: we treat each GNN layer as a
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composition of transformation and propagation operators and
utilize a random number of propagation operators during each
training epoch. (2) Asymmetric Column: we employ two view
encoders with shared weights and select contrastive views from
different column outputs between the two sibling encoders.
Through reversible column disentangled augmentation tricks,
we innovatively introduce the reversible network into graph con-
trastive learning, ensuring the lossless transmission of semantic
information across different level while progressively achiev-
ing disentanglement. This combination cleverly realizes graph
disentangled representation learning, which has been underex-
plored in previous research. Moreover, we also design a novel
model augmentation strategy tailored for the multi-column re-
versible module.

In this paper, we summarize our Rev-GCL into the following

contributions:

® Conceptual: We highlight the key limitations of current
data augmentation GCL methods and present two model
augmentation tricks based on two sibling disentangled
graph encoders for more robust GCL.

® Methodological: We integrate reversible networks into
graph contrastive learning for disentangled representations
and propose a multi-column network with reversible con-
nections between adjacent columns as our encoder, which
could extract varying levels of semantic representations
relevant to downstream tasks.

e Experimental: We conduct comprehensive experiments
among public datasets to assess the performance of Rev-
GCL. Experimental results demonstrate the effectiveness
of our proposed framework on downstream tasks.

II. RELATED WORK

We review existing works on three lines of fields: 1) Graph
Contrastive Learning, 2) Disentangled Representation Learning
and 3) Reversible Networks.

A. Graph Contrastive Learning

Generally, GCL methods follow a common paradigm that
generates different graph views to maximize consistency. Based
on how to generate contrastive views, we roughly catego-
rized GCL methods into two groups. The first group generates
views following pre-defined rules. For example, DGI [27] in-
troduces row-wise shuffling as a corruption function to obtain
the negative example from the original graph. GRACE [10] and
GraphCL [15] utilize distinct graph augmentation methods (i.e.,
node/edge dropping, feature masking) to randomly perturb the
graph structure. GCA [28] jointly performs adaptive edge drop-
ping and feature masking as graph augmentations by identifying
important edges and feature dimensions. MVGRL [12] employs
graph diffusion to generate additional structural views of the in-
put graph. BGRL [29] and CCA-SSG [11] employs simple graph
augmentations (feature/edge masking) and eliminates the need
for contrasting with negative samples. The second group aims
to learn graph augmentation strategies in a data-driven man-
ner. Info-GCL [30] utilizes task-relevant information to select
optimized views according to the information bottleneck
principle. AD-GCL [17] and ARIEL [18] develop an adversarial
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way to generate augmented graph views for GCL and these views
can be seen as hard training samples of GCL. RGCL [31] creates
rationale-aware graph views to discover invariant structures for
GCL. Besides, there are also some methods that consider differ-
ent augmentation optimization. COLES [32] introduces Lapla-
cian Eigenmaps into the negative sampling process of GCL.
SimGRACE [33] utilizes an encoder perturbed by Gaussian
noise to generate contrastive views without data augmentation.
MA-GCL [34] introduces view encoders with structural ran-
dom perturbations instead of perturbing the original graph and
training parameters for GCL. Although these methods adopt dif-
ferent strategies to optimize the contrastive learning paradigm,
they generally ignore the information loss under the principle
of IB and disentanglement of semantic information, resulting in
suboptimal and unstable performance results.

B. Disentangled Representation Learning

Disentangled representation learning aims to obtain factor-
ized representations that could distinguish and separate the in-
trinsic explanatory factors underlying the observed data [35].
Existing disentangled representation learning efforts are mainly
focus on computer vision [36], [37], natural language process-
ing [3] and recommender systems [5], [38], [39], [40], [41],
[42], [43]. For example, 8-VAE [36] introduces the weight
B for the KL divergence term in the variational autoencoders
(VAESs) objective to control the dimensional independence. In-
foGAN [37] decomposes the representation into noise and ad-
ditional class codes, estimating the mutual information between
the class code and the corresponding data to enable control-
lable image generation. DisenCite [3] leverages disentangled
representation to separate the semantics of different sections
in the paper for context-specific citation generation. Macrid-
VAE [38] models hierarchical user intentions from user behav-
ior data via macro and micro representation disentanglement.
Recently, there has been growing interest in leveraging disen-
tangled representation learning techniques for graph-structured
data [5], [20], [44], [45], [46]. DisenGCN [20] assumes that
nodes are connected for different reasons and proposes a neigh-
borhood routing mechanism to partition the neighborhood into
exclusive parts corresponding to these semantics. DisenHAN [5]
utilizes the heterogeneous information network to learn disen-
tangled representation by iteratively identifying the primary as-
pects of relations type and semantically propagating correspond-
ing information. FactorGCN [44] processes the entire graph into
multiple block-wise interpretable subgraphs to decouple the un-
derlying relationships between entities. DGCL [45] introduces
a self-supervised framework for disentangled graph representa-
tion using contrastive learning. Our work focuses on preserving
multi-level graph semantics through disentangled representation
learning in the GCL framework, which has been underexplored
in previous research.

C. Reversible Networks

The design of reversible networks is inspired by NICE [47],
which utilizes reversible transformations to map high-
dimensional input features into mutually independent latent
variable spaces without information loss. RevNet [22] firstly
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introduces a reversible architecture into residual networks to
complete memory-efficient network training in computer vision
tasks. Building upon this, a partially reversible U-Net [48] is pro-
posed to construct deeper network architecture and utilize the
entire medical image data instead of partitioning it into blocks
for brain tumor segmentation task. RevCol [26] divides inter-
mediate features into multiple groups, achieving inter-group
lossless transmission while flexibly using nonlinear operations
within each group to achieve different semantics feature extrac-
tion. Recently, Rev-ViT [25] and RevBiFPN [49] respectively
extend reversible networks to Transformers and BiFPN [50].
Furthermore, reversible networks are also applied in natural
language processing and other field. For example, reversible
RNN [51] achieves lossless reversible computation by storing
a minimal amount of information lost between hidden layer
transmissions for recurrent network architecture. Particularly,
RevSResNet [52] designs a spiking reversible block to construct
the reversible spiking ResNet [53] and reversible spiking Trans-
former, aiming to potentially surpass artificial neural networks.
Drawing inspiration from the successful advancements of re-
versible networks across various fields, we introduce reversible
networks into graph contrastive learning, achieving semantic
disentangled representation of nodes through lossless informa-
tion transmission.

III. NOTATIONS AND PRELIMINARIES

In this section, we first give the notations of our paper. Then,
we introduce some important concepts of the framework.

A. Notations

Letatuple G = (V, £) represents an undirected graph, where
V = {vy,...,vn} is the node set with N nodes and & is the
edge set with M edges. The node features are represented by the
feature matrix X = (z1,...,2x5)" € RV*?, where each node
v is associated with a feature vector x,, and d’ is the node feature
dimension. We use adjacency matrix A = (a,,) € RY*N to
describe the structure information of the graph, where a,,, = 1
if (u,v) € &, otherwise, ay, = 0. And D = diag(dl,...,dn)
is the degree matrix with a degree of each node d,, = ZuN:1 Ay -

B. Graph Neural Networks

Graph neural networks (GNNs) have developed into a crucial
backbone for learning graph representations. By leveraging in-
formation propagation from neighboring nodes to iteratively up-
date representations, GNNs could embed the graph structure and
corresponding feature matrix into node representations. Specif-

ically, let hq(,l) represents the embedding of v € G at [-th layer.
For each node v € V, the neighborhood embeddings are firstly
aggregated and then combined with v’s previous layer embed-
ding for the message passing. Formally, the propagation rule can

be written as:

n =0 (Al AO () O

where N (v) denotes the neighbors of node v, A(") and C()
denote the two basic functions that aggregate and combine em-
bedding from the neighborhood. We can obtain the node-level
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representation H = {th), c hg\f)} € RV >4 after L iterative
propagations, where d is the representation dimension.

C. Graph Contrastive Learning

Contrastive learning (CL) has attracted considerable interest
due to its remarkable ability to learn representations without
manually labeled data. The core idea of CL is to pull similar
objects (positive sample pairs) together while pushing dissimilar
objects (negative sample pairs) apart in the embedding space. A
typical CL model comprises three key modules, namely data
augmentation, view encoder, and contrastive loss.

For graph-structured data, graph contrastive learning
(GCL) [54], [55] adapts the CL techniques to learn node (graph)
embeddings. The typical framework first generates graph views
via two different data augmentation strategies (i.e., edge mod-
ification and feature masking). Then, a shared view encoder is
utilized to map the augmented view pairs into embeddings in
the representation space. Finally, the model can be optimized
by minimizing a contrastive loss (i.e., InfoNCE [56] loss and
NT-Xent [57] loss), formalized as:

vN esim(hv,hv/)/f

ﬁcon = - Z log esim(hy,hyr) /T + Zu#v esim(hu,hy) /T (2)

v=v1

where sim(-, -) denotes the similarity function (i.e., cosine sim-
ilarity, dot product similarity, inverse of the distance) and 7 de-
notes the temperature parameter that controls the sensitivity of
penalties on hard negative samples.

IV. THE PROPOSED MODEL

In this section, we first introduce the motivation and architec-
ture of the proposed Rev-GCL, then we present the details of
each component and the overall optimization.

A. Overview

Our framework is primarily designed to maintain different
levels of semantic information while avoiding reliance on hu-
man prior knowledge for more robust GCL. Since disentangled
representation learning has the ability to preserve multi-level
embeddings from low-level to highly semantic representations,
we propose a reversible column network to extract varying levels
of semantic representations relevant to downstream tasks. More-
over, since manually designing augmentations for GCL cannot
generate sufficiently diverse augmentations to filter out noise,
we propose to perturb the neural architecture of the encoders as
model augmentation tricks for GCL.

In particular, given the input graph, we propose a reversible
column network with reversible connections between adjacent
columns to serve as view encoders for extracting disentangled
node features. Each column shares the same GNN structure, re-
ceives a copy of the input graph, and extracts both low-level and
high-level information at different layers. Based on the proposed
view encoders, we present two model augmentation strategies:
(1) Random Propagation: we treat each GNN layer as a compo-
sition of transformation and propagation operators and vary the
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number of propagation operators at each epoch and (2) Asym-
metric Column: we select different column outputs between the
two sibling encoders as contrastive views. An overview of our
Rev-GCL is depicted in Fig. 1 and we will delve into the details
of each component.

B. Simple Graph Convolution

As one of the most common GNNs, graph convolution net-
work (GCN) [58] performs neighborhood aggregation but al-
ways suffers from over-smoothing issues. A key factor that sig-
nificantly compromises performance is the coupling of transfor-
mation and propagation operations of current graph convolution,
which can be written as:

H=GCN(X)=grosogr10s0...g108(X), (3)

where o denotes the composition of transformation operator g
and propagation operator s, g; corresponds to the [-th trans-
formation operator within GCN, H denotes the extracted node
embeddings. The two operators on H can be defined as:

s(H;F)=FH,g(H;W) = 06(HW), )

where F = D=2 AD~2 serves as the graph filter, which is the
normalized adjacency matrix, W € R%*? is the transformation
parameters. Here A= A+1Tis the adjacency matrix consid-
ering self-connections, D is the corresponding degree matrix.
Inspired by the recent deeper GNNSs [59], [60], we disentangle
the two operations, which can be written as:

H = SGC(X) = goslH(X), )

where 52 denotes the composition of L propagation operators.

In practice, we define the propagation operator with the graph
1 1

filter matrix F' = (1 —7)I + 7D 2AD" =z, where 7 € (0,1)

and [ is the identity matrix.

C. Multi-Column Reversible Module

To uncover different levels of relevant information for down-
stream tasks, we propose a multi-column architecture with re-
versible connections to perform feature disentangling. The main
body of the module is composed of M subnetworks denoted as
columns, where each column shares an identical structure with
K level of blocks and receives a copy of the input graph. Be-
tween each column, reversible connections are introduced to
keep feature propagation between columns without information
loss. The forward and inverse propagation functions can be de-
fined as:

Forward : Hy* = R (H"  H]'5') +~H]
Inverse : H,T’l = v’l[H,Z” — R?(HﬁhH,’gfﬁl)], 6)

where H;" denotes extracted node features of the k-th level
in m-th column, R;”* denotes a graph convolution function with
reversible connections in k-th level, which is similar to the resid-
ual function in ResNets [53]. v denotes the reversible operation
(e.g., channel-wise scaling), with its inverse operation denoted
as 'y’l. Given the node features within one column, the features
in other columns can be computed recursively during forward
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Fig. 1. The general framework of our proposed model. Given the graph data as input, we construct two multi-column sibling encoders, where each column of

the encoder can be seen as SGCs with multiple levels and receives a copy of the input graph. Then, feature outputs from different levels are gradually disentangled
into hierarchical semantics from low to high through the multi-column reversible module. Next, we introduce two model augmentation tricks for sibling encoders:
random propagation and asymmetric column selection. Finally, InfoNCE loss is adopted as the contrastive loss for node-level contrast.

and backward propagation. Specifically, the k-th level takes the
features from the lower level at the same column, namely, H;" |,
and the features from the upper level at the previous column,
namely, H 1?}[11 as input, where two features are fused together
and passed to the corresponding graph convolution function. R}

can be defined as:

Ry (Hy*y, H'H') = SGC(MLP(H"  Hy'RY), (D)

where SGC(-) and M LP(-) correspond to simple graph con-
volution and Multi-Layer Perceptron at the k-th level in m-th
column. Then, the feature H ,’Cﬂ’l is combined with the residual
operation +y to get the final output.

Feature Disentangling: Note that the multiple columns in the
module share an identical structure, and each level of the col-
umn can be seen as a different SGC block. The lowest level
of each column preserves low-level features of the graph since
it is closest to the input, while the highest level in the last col-
umn contains highly semantic information due to multiple layers
of graph convolution. Therefore, reversible transformations be-
tween columns enable lossless information propagation. The ex-
tracted node representations H at different levels become grad-
ually disentangled throughout this process. This property offers
several potential advantages, such as increased flexibility for
downstream tasks that depend on both high-level and low-level
features.

D. Model Augmentation Tricks

For GCL, conventional data augmentation methods mainly
rely on random data perturbations. However, selecting an
appropriate method for generating views can be challenging,
as it frequently involves tedious trial-and-error or relies on a

limited set of pre-defined views, which results the loss of im-
portant information and restricts the applicability and potential
of these methods [61], [62]. Instead of perturbing the graph in-
puts for GCL, we employ the multi-column reversible module
as encoders and focus on manipulating the neural architecture
of the module, which introduces two learnable and distinct view
generators to obtain adaptive contrastive views. In this part, we
present two model augmentation tricks and incorporate them
into the multi-column reversible module.

Random Propagation: Given the input graph, we propose us-
ing two parameter-sharing encoders but with randomly varying
numbers of propagation operators for two graph views. For-
mally, based on the SGC as each block of columns, we ran-
domly select the numbers of propagation operators I, I} from
a uniform distribution over [1, L] for k-th levels of blocks of
two views in every epoch. The graph convolution function with
reversible connections ;' can be written as:

Ry (Hiy Hi'R') = SGC(MLP(H™y Hi' ')

=gostl(MLPH",H™ ")), ) ~ Uniform[1, L]. (8)

Note that for the two graph view encoders, the selected [j
may vary among different levels of blocks, while within each
graph view encoder, [, remains consistent among columns. This
method enables us to differentiate the two views using varying
numbers of propagation operators, while the shared structure
among columns and shared parameters between views ensure
that the distance between them remains manageable.
Asymmetric Column: Traditional GCL methods always lever-
age typical data augmentation techniques (e.g., feature masking
or edge modification) to generate two graph views. We argue that
these methods fail to create sufficiently diverse augmentations
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while preserving essential task-relevant information. Thus, we
introduce an asymmetric view encoder in this paper. The main
idea of the asymmetric column trick is to encode the input graph
with a shared multi-column reversible module and maximize the
consistency between different columns from two views. Specif-
ically, for two graph view encoders, we randomly select m and
m’ from a uniform distribution over [1, M] as two contrasting
columns for the corresponding views. The extracted node em-
beddings from these two columns, namely H}* and H}", can
then be considered as two graph view representations at different
levels.

E. Optimization

By applying the two model augmentation tricks on the pro-
posed reversible columns encoder, our framework maximizes
the consistency of extracted node representations. Typically,
for node v of the graph, its k-th level embedding generate
from column m of one view A", is treated as anchor, where
Hit = A{hTY, ..., hi} .} We regard its k-th level embedding
generated from column m' of another view h;”}c as a positive
pair and the other embeddings in the two views as a negative
pair. The InfoNCE [56] loss is adopted as the contrastive loss to
enforce the consistency between positive pairs:

i e(—IhT =R 2 /2)
L=— log )
—|pm—pm'|2 /2 —|hm—pm|2/2)’
= eI =R [2/2) 4 N e(=Ihg —h2/2)
E)
where A" = hi'y || [|h})'x denotes the extracted multi-level

representation of node v. Algorithm 1 illustrates the training
procedure of our Rev-GCL.

F. Theoretical Analysis

In this part, we provide a theoretical analysis to demonstrate
how Rev-GCL works to filter out high-frequency noises. We
simplify the node features as one-hot identity matrix X = I and
non-linear transformation operation as a single-weight matrix
W . And the multi-column reversible module of two views can be
regarded as two encoders, namely, R} (X) = H" = F Lxw,
R (X) = H}” = F¥'XW, where L and L’ are the numbers
of propagation operators of two views.

Here, we decompose the graph filter matrix as F' = UAUT,
where U € RV*N comprises orthonormal eigenvectors and
A = diag(Aq, ..., y) is the diagonal matrix of eigenvalues
with A1 > --- > An. Notably, larger eigenvalues of the graph
filter matrix F' correspond to smaller eigenvalues of the graph
Laplacian matrix, indicating more important information for
downstream tasks [63]. Following the previous work [34], we
concentrate on the numerator term and reformulate the con-
trastive loss objective in (9) as:

UN
: m _ 3m'|2
mvénv; |[hot — hyt|
= mintr((H} - H™H" — H™)T), st WIW =1,
(10)
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Algorithm 1: The Overall Training Process of Rev-GCL
Input: Graph G = {V, £} with adjacency matrix A
and feature matrix X; Column Number M;
Level Number K; Propagation Times L.
Output: Rev-GCL with learned parameters;
Multi-scale node representation H;"* for
k=1...K.

1 while not convergence do

2 | forke[l,K]do
/+ Eg. 6-8 */
3 Draw [y, [}, from Uniform(1, L) for k-th level
of blocks of two views ;
4 Construct two multi-column Reversible
modules with {lx, .} ;
5 Calculate the multi-level node representation
H" form =1,..., M of two views ;
6 end
7 Draw m,m’ from Uniform(1, M) to get m-th and
m/-th column output ™ and h’" for v € V ;
/* Eg. 9 x/
8 Optimize framework via contrastive learning ;

9 end
10 return Learned parameters for Rev-GCL, H;" for
k=1...K;

where tr(-) denotes the trace of a matrix. Note that here we add
the constraints W™TW = I to prevent trivial solutions.

Theorem 1: The optimal parameter W of the multi-column
reversible module for contrastive loss in (9) is:

W* =Uley, .. (11)

where Ulcy, . . ., ¢4, | denotes the corresponding columns of U,
1<e¢ <...<cg, <N are the best column indexes c that
could minimize (A% — A£)2.

Proof: Since U is invertible, we alternatively optimize P =
UTW instead of W for the contrastive loss. Here we replace
H =UAUT™W, H = UANYUTW and (10) can be formulated
as: minyy tr(U (A" — ALYUW(U(AF — A¥YUW)T). Then
the loss in (9) can be reformulated as:

min t(ZZ7),stPTP =1,

~,Cdo],

(12)

where Z = U(A* — AY') P. We relax the constraint to P;’ P; =
1fori =1,...,do, where P; denotes the i-th column of P. The
Lagrangian function can be:

do
L(P,B) =u(ZZ") = Bi(PIP - 1), (13)
=1

B; is the Lagrangian multiplier. With Karush — Kuhn—Tucker
(KKT) conditions, the optimal parameter can be:
9L(P, B)
——=0=
oP
Here P denote eigenvectors of matrix (A — A")2. Note that
the constraints PTP = I, the optimal P* is the eigenvectors

(AF — A¥)2P = Pdiag(f). (14)
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with minimal eigenvalues, which select the directions where the
frequency differences between two views are smaller.

P =1y, .. (15)

"Cdo]a

wherel < ¢; <... < c¢g, < N arethebest columns of identity
matrix I that minimize (AL — AL")2. O

Remark: As shown in the previous work [34], [64], the pop-
ular datasets such as Cora and Citeseer have many eigenvalues
close to 1. Hence, Ulcy, . . ., cq,, ] is likely to select the first do
columns of U in practice and the extracted node representation
can be represented as:

H" = UN*UTW = Udiag(A{,...,25,,0,...,0), (16)

which could effectively eliminate high-frequency disturbances.

G. Complexity Analysis

The computational consumption of our Rev-GCL primarily
consists of the three components: (i) SGC-based level unit;
(ii) reversible connection module; (iii) disentangled consis-
tency contrastive loss. Considering the graph that contains |V
nodes and || edges, the dimension of node representation is
d, the number of level within multi-column reversible mod-
ule is K. Noted that, for computational convenience, we take
the average number of columns and propagation operators at
each level as M and L within multi-column reversible mod-
ule, instead of selecting them randomly. For (i), the time com-
plexity is O(|€|Ld + |V|d?) with L propagation operators. For
(i), the time complexity is O(2|V|d? + d) with MLP from
adjacent hierarchical levels and residual connection.The en-
coder constructed by the multi-column reversible module is
O((|€|Ld + 2|V|d?® + d)MK). For (iii), we perform consis-
tency regularization for node disentangled representations with
the time complexity of O(|V|d). To sum up, the overall complex-
ity of our Rev-GCL is O((|€|Ld + 2|V|d* + d)M K + |V|d),
which exhibits a linear relationship with the number of nodes
and edges in graph G and aligns with other self-supervised node
classification methods (SSG [11] and MA-GCL [34]).

Moreover, our Rev-GCL requires K level SGC blocks and
M column reversible connections in contrastive learning train-
ing phases. Due to employing the reversible connections, the
actual model space complexity is O(|€| + |V|d + K(|V|d +
2M (d?)) + d?), which primarily influenced by the number of
columns in the multi-column reversible module.

V. EXPERIMENT

In this section, we conduct comprehensive experiments on
eight widely used benchmarks to evaluate the performance of
our Rev-GCL. The following research questions are explored:

® RQI:How does our proposed Rev-GCL perform compared

with other baselines for downstream tasks, i.e., node clas-
sification, clustering and link prediction?

® RQ2:How does each key component of our proposed Rev-

GCL affect the model’s effectiveness?

® RQ3:How do different hyper-parameters in Rev-GCL alter

the model’s behavior?

IEEE TRANSACTIONS ON MULTIMEDIA, VOL. 27, 2025

TABLE I
STATISTICS OF DATASETS

Dataset #Nodes  #Edges  #Features  #Classes
Cora 2,708 10,556 1,433 7
CiteSeer 3,327 9,104 3,703 6
PubMed 19,717 88,648 500 3
Coauthor-CS 18,333 163,788 6,805 15
Amazon-P (undirected) 7,650 238,162 745 8
Amazon-C (undirected) 13,752 491,722 767 10
Amazon-P (directed) 7,650 143,663 745 8
Amazon-C (directed) 13,752 287,209 767 10

® R(Q4:Can we clearly illustrate the impact of our reversible
column-based model augmentation trick on node represen-
tations?

® RQS5: How about computational efficiency of our model?

A. Experimental Setup

Datasets: Building upon previous work [34], we adopt eight
real-world graph benchmark datasets that cover both undi-
rected and directed graphs to verify the effectiveness of our
method. Specifically, we use undirected graph datasets includ-
ing Cora [65], CiteSeer [65], PubMed [65], Amazon-Photo [66],
Amazon-Computers [66] and Coauthor-CS [66] from the Python
package PyTorch Geometric. Node classification, clustering and
link prediction tasks are performed on these undirected graphs.
Additionally, we validate our method on directed graph datasets'

for the node classification task, including Amazon-Photo [67]
and Amazon-Computers [67]. Table I presents the details of
these datasets.

Baselines: We compare our model against various approaches
for three downstream tasks, namely, node classification, cluster-
ing and link prediction. Concretely, the node classification base-
lines can be categorized into two types. The first type adopts
baselines trained with labels, such as GCN [68], GAT [69],
and InfoGCL [30]. The second type consists of multiple self-
supervised learning methods without training labels, including
DGI [9], GRACE [10], MVGRL [12], BGRL [70], GCA [28],
COLES [32], CCA-SSG [11], ARIEL [18] SimGRACE [33]
and MA-GCL [34]. And these self-supervised learning methods
are also chosen to be compared on node clustering tasks. Addi-
tionally, we select two representative methods CCA-SSG [11]
and MA-GCL [34] for comparison on the link prediction task
to demonstrate our model’s applicability in the recommendation
domain.

Evaluation Metrics: We adopt Accuracy, Normalized Mu-
tual Information (NMI) and Normalized Discounted Cumula-
tive Gain (NDCG) as evaluation metrics for node classification,
node clustering and link prediction, respectively, following the
previous work [34], [71]. For each dataset, we conduct 5 trials
in different random seeds and report the mean and the standard
deviation of Accuracy, NMI and NDCG. For node classification
and clustering tasks, note that we compare model performance
on the public splits of Cora, CiteSeer and PubMed datasets [68].

Thttps://github.com/EdisonLeeeee/GraphData
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TABLE IT
PERFORMANCE (%) OF NODE CLASSIFICATION. HERE WE USE PUBLIC SPLITS ON CORA, CITESEER AND PUBMED
Datasets | Cora CiteSeer PubMed Coauthor-CS ~ Amazon-C Amazon-P | Avg. Acc.  Avg. Rank
GCN 825+04 71203 79.2+03 93.03 £ 0.3 86.51 £0.5 9242 +0.2
GAT 83.0+x0.7 72507 79.0+03 9231 £0.2 8693 +03 9256 £ 04 - -
InfoGCL 835+03 735+04 79.1+02 - -
DGI 823+06 71.8+0.7 76803 92.15 + 0.6 8395+05 91.61 £0.2 83.10 9.5
GRACE 81.7+04 715+05 80.7+04 9293 £ 0.0 87.46 £ 0.2 92.15£0.2 84.44 7.5
MVGRL 834+03 73.0+03 80.1+0.6 92.11 £ 0.1 8752 +0.1 91.74 £0.0 84.63 72
BGRL 81.7+05 721 +05 802+04 93.01 +£0.2 8823 £03 9257 +0.3 84.63 6.2
GCA 83403 723+0.1 80204 93.10 £ 0.0 87.85+03 9253 %02 84.89 5.2
SimGRACE | 773 +0.1 714+£0.1 783 +03 93.45 + 0.4 86.04 + 0.2 9139 +04 82.98 9.5
COLES 812+04 715+02 804+0.7 92.65 + 0.1 79.64 £ 0.0  89.00 £ 0.5 82.40 10.0
ARIEL 825+0.1 722+02 805+03 93.35 £ 0.0 88.27+0.2 9143 +02 84.71 5.8
CCA-SSG 839+04 73.1+03 81304 93.37 £ 0.2 8842 +03 9244 +0.1 85.42 33
MA-GCL 833+04 73.6+0.1 835+04 94.19 + 0.1 88.83 + 0.3  93.80 + 0.1 86.20 25
Base Model | 81.1 04 714+0.1 79.1+x04 92.86 + 0.3 87.65+0.2 91.19+03 83.88 9.8
Rev-GCL 850+01 745+02 838%0.2 9434+0.2 8998 +0.2 94.08 +0.3 86.95 1.0
For other datasets, We randomly split the dataset into train- TABLE III
ing, validation, and testing sets in a ratio of 8:1:1 as previous PERFORMANCE (%) OF NODE CLUSTERING
work [11]. For link prediction task, we randomly split the graph C — —
edges of Amazon co-purchase dataset (Amazon-Photo [66] and Datasets | ora PubMed  Amazon-P  Coauthor-
Amazon-Computers [66]) into training, validation, and testing raw feature | 144£05 17802 25704 56302
. 0 of 8:1: f GCA 474£02 224+02 584203 61202
set§ inaratioof 8:1:1. For th(? test set, we follow the stra.tegy [71], COLES | 470203 262+02 54603 659401
which randomly selects 100 items that the user has not interacted ARIEL 48701 27602 569+04 65102
with and ranks the test item among them. The ranked list is trun- (Iif:ggf’ 72(])-; : 8‘2* ;g-;‘ : 8§ ggé : g-g g;g : 8;
cat'ed a'lt 10, with NDCG @10 prioritizing higher-ranked hits by Rev-GCL | 60.6 + 01 347202 65602  75.6 £ 0.2
assigning greater scores to them.
Implementation: We implement our Rev-GCL model on a
simple base model with reversible column disentangled aug- 700 96.0
. . . . CCA-SSG MA-GCL Rev-GCL CCA-SSG MA-GCL Rev-GCL
mentation tricks. The base model can be viewed as a typical o o
graph contrastive learning model with perturbations suchasedge <~ g
. . . . . - >
dropping and feature masking, which incorporates SGC with the ~ gevo £ 880
1 1 2
graph filter F' = %I + %D’E AD™z. For all datasets, we set the § o 2o
number of columns M = 8 with levels K = 2 to implement our
basic reversible architecture, where each level of column de- 500 on-C Amazon-p 800 anon-C Amazon-p

notes an SGC with the hidden size d = 512. We concatenate
the 2 levels of the random column output as the node feature
representation for contrastive learning. In our model augmen-
tation tricks, the number of propagation operators of SGC, i.e.,
1,1, are respectively from the random range [1, L] for L = 4.
During the evaluation phase, we set [,{" of two levels of SGC
l1 = ly =1} =14 = 1for Coauthor-CS, and 2 for other datasets.
For baseline methods, we generate the evaluation results accord-
ing to their original settings. The source code of our Rev-GCL
is available at https://github.com/BBDing-DYT/Rev-GCL.

B. Performance Comparison (RQI)

We conduct extensive experiments on node classification,
clustering and link prediction tasks on undirected graph. In ad-
dition, we also conduct node classification tasks on directed
graphs to validate the adaptability of our method across different
types of graphs. Tables II and IIT show the comparison results
of the node classification and clustering tasks. We bold the best
method and underline the runner-up method. Fig. 2 shows the
performance comparison of undirected graph link prediction and

(a) Link Prediction (b) Node Classification

Fig.2. Performance (%) of (a) link prediction on the undirected graph and (b)
node classification on the directed graph.

directed graph node classification. From the result, we can get
the following observations.

e Compared to baselines trained with labels (i.e., GCN, GAT,
InfoGCL), our Rev-GCL achieves better performance. For
example, Rev-GCL generally obtains 3.03% improvement
against InfoGCL on Cora, CiteSeer and PubMed. This indi-
cates that introducing the reversible connections can make
node representation preserve complete original informa-
tion, including information relevant to downstream tasks.

e Compared with other baselines, our Rev-GCL consistently
outperforms them across all six datasets. Specifically, our
Rev-GCL achieves 2.04% and 1.29% increment over the
runner-up baseline MA-GCL on Cora and Amazon-C. This
demonstrates that model augmentation tricks effectively
filter out extraneous noise, while feature disentanglement
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TABLE IV
ABLATION STUDIES OF REV-GCL (%). OUR FULL MODEL ACHIEVES THE BEST PERFORMANCE CONSISTENTLY

Asymmetric  Random  Reversible | Cora CiteSeer PubMed Coauthor-CS ~ Amazon-C Amazon-P
v - - 83.8+02 728+03 823x02 93.03+x04 870102 93.19+0.2
- v - 83.7+0.1 73.1%£01 81903 9354+£02 8886+02 93.12+0.1
- - v 84.0+02 73.0%x0.1 828=+02 93.71+0.1 8890 +0.2 93.01 £0.1
v v - 844 +0.1 733+£02 829+02 93.65+02 89.07+0.0 93.71 +£0.2
v - v 846 0.1 735+£02 832+05 9438+02 8.11+0.1 935103
- v v 845+02 736+03 833+02 9384+0.1 89.48 £0.2  94.00 + 0.2
v v v | 85001 745+02 838x02 9434+02 89.98x02 940803

enables the model to learn semantic information from dif-
ferent levels, thereby enhancing the downstream node clas-
sification performance.

® QOur Rev-GCL also achieves the best performance on the
node clustering task in comparison to other baselines across
all datasets. Specifically, Rev-GCL obtains 17.21% and
16.84% improvement against the runner-up baseline on
Cora and PubMed. The multi-level hierarchical disentan-
glement helps Rev-GCL extract node representations with-
out information loss, thereby enhancing the constraints of
node similarity evaluation and clarifying the boundaries of
node clusters.

® In the link prediction task, our Rev-GCL achieves the best
performance on the Amazon co-purchase dataset. Specif-
ically, Rev-GCL obtains 1.51% and 2.03% improvement
against the runner-up baseline methods on Amazon-C and
Amazon-P. This indicates that hierarchical disentangle-
ment effectively captures multi-level semantic similarity
between nodes, enabling the model to distinguish different
types of products more precisely and ultimately enhancing
recommendation performance.

® Moreover, our Rev-GCL also achieves performance im-
provements in the node classification task on the directed
graphs of the Amazon co-purchase dataset. Specifically,
Rev-GCL obtains 0.75% and 0.67% improvement against
the runner-up baseline on Amazon-C and Amazon-P. Dis-
entangled semantic information from different levels effec-
tively alleviates the imbalance in information propagation
on directed graphs, ensuring that the dependencies between
nodes are modeled more efficiently.

C. Ablation Study (RQ2)

We attribute the improvements in our Rev-GCL to sib-
ling encoders with three key components: 1) Asymmetric:
the number of columns being different in different encoders;
2) Random: SGC units with random numbers of propagation
layers during each training epoch; 3) Reversible: reversible con-
nections between adjacent columns within encoders. To evaluate
the effectiveness of each component, we conduct ablation stud-
ies on various combinations of them. The experimental results
on node classification are shown in Table IV, which brings the
following conclusions:

e Each component contributes significantly to the model’s

performance, especially the reversible component. The

performance notably drops when the reversible connec-
tions are removed. This indicates that reversible connec-
tions preserve the complete semantics through lossless in-
formation transfer, thereby greatly enhancing the model’s
capability of feature extraction.

® Removing any two components leads to a greater perfor-
mance decrease, particularly when reversible connections
are removed alongside either asymmetric or random en-
coders. This is likely because both asymmetric and ran-
dom tricks contribute to model augmentation, enabling the
extraction of more universal node representations while
preserving rich feature information.

® QOur Rev-GCL, which incorporates all components (the last
row), exhibits the best performance over all datasets. This
observation demonstrates the effectiveness of jointly utiliz-
ing reversible connections and model augmentation tricks
on contrastive learning.

D. Parameter Sensitivity (RQ3)

We also examine the sensitivity of the proposed Rev-GCL
to various hyper-parameters. Specifically, we explore the per-
formance of our proposed Rev-GCL with varying numbers of
columns and levels within the asymmetric encoder, as well as
the different combinations of the propagation operator number
for the sibling encoders.

1) Effect of the Number of Columns: To analyze whether
Rev-GCL can benefit from the multi-column reversible module,
we evaluated the model’s performance with varying numbers of
columns M in the range of {1,2,4,6,8,10,12}. As shown in
Fig. 3, we investigate the influence of different columns within
encoders across four datasets. From the results, we can discover
that:

e when M = 1, the encoder can be viewed as simply con-
catenating the feature extraction results of each layer and
performing contrastive learning. The poor performance
suggests that the multi-column reversible module facili-
tates information interaction between different levels while
ensuring lossless information transmission to gradually
disentangle the learned feature.

e Generally, when M = 6 or 8, the model achieves best per-
formance. However, with M continue to increase, there is a
significant decrease in accuracy performance. Such a trend
may be caused by overly large distribution ranges in the
random column selection of the column asymmetric trick,
leading to difficulties in model convergence.
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Fig. 3. Performance (%) comparison on node classification w.r.t. different
numbers of columns within encoder.
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Fig. 4. Performance (%) comparison on node classification w.r.t. different
numbers of levels within each column.

2) Effect of the Number of Levels: By facilitating informa-
tion transfer between multiple columns within the encoder, we
further explore the impact of different numbers of levels in each
column on model performance. Fig. 4 shows the performance
results of our Rev-GCL with varying numbers of levels K in a
range of {1,2, 3,4, 5} across four datasets. From the result, we
draw the following conclusions:

e When K = 1, the encoder resembles a residual network
structure that integrates information from the graph input
with entangled representation as output. Due to the exces-
sive compression of node features, the model can only learn
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Fig. 5. Performance (%) comparison on node classification w.r.t. different
combinations of the propagation operator number for the sibling encoders.

semantic information relevant to the pretext tasks through
contrastive learning, resulting in suboptimal performance
in downstream tasks.

e With increasing K, node features begin to be hierarchi-
cally disentangled. When K = 2 or 3, the model gener-
ally achieves optimal performance, illustrating that mul-
tiple levels within the column can hierarchically separate
node representations at different levels and keep the com-
plete semantics for the downstream tasks.

® However, too many disentangled levels (i.e., K > 3) may
weaken the model’s performance, especially in PubMed
and Amazon-C. This is likely due to an excessive number of
layers in the feature extraction process, which causes over-
smoothing and noise interference for each column during
model training.

3) Effect of the Number of Propagation Operators: To val-
idate the effectiveness of the propagation operator, we further
investigate the impact of different combinations for the two sib-
ling encoders. Specifically, we set different propagation operator
numbers, which are randomly drawn from two distributions (i.e.,
[0, L] and [0, L']) respectively in each level k. We set L and L’
in arange of {0, 1, 2, 3,4}, with the combination results shown
in Fig. 5. We find that:

e The combination of excessively small distribution range
(i.e., L < 3while L’ < 3)leads to few numbers of propaga-
tion operators with poor performance. On the one hand, few
propagation operators will restrict graph nodes to learning
only from their local neighboring nodes, resulting in poor
node correlations (i.e., when L = L’ = 0, the performance
significantly decreases because only node self-features are
considered). On the other hand, a narrow range of numer-
ical distributions increases the likelihood that the two en-
coders share similar structures, consequently introducing
noise into the model.

e With L and L' increase, a broader sampled distribution
range results in a more distinct encoder structure be-
tween two views, reducing task-irrelevant noise and signif-
icantly boosting the model’s expressive power. However,
the performance begins to decline when K = 5or K’ = 5.
This may be due to over-smoothing issues. Meanwhile, a
significant disparity between sampled propagation oper-
ator numbers can also affect the consistency agreement
between the two encoder outputs.
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Fig. 6.
to Cora and Coauthor-CS.

E. Visualization (RQ4)

We conduct two visualizations to further investigate how our
Rev-GCL facilitates node representation, including inter-node
feature correlation and intra-node feature correlation.

1) Inter-Node Feature Correlation Analysis: To explore the
influence of our Rev-GCL on node representations, we plot the
distribution of extracted feature representation learned on Cora
and Coauthor-CS. Through the t-SNE algorithm, we visualize
the reduced-dimensional node features and compare them with
those from the base model and MA-GCL. From Fig. 6(a) and (d),
it is evident that the boundaries between the node features of dif-
ferent classes learned by the base model are blurry, with signif-
icant overlap among nodes from different classes and scattered
distributions within the same class. In Fig. 6(b) and (e), node
features learned by MA-GCL exhibit clear clustering. Moreover,
our Rev-GCL not only effectively distinguishes nodes from dif-
ferent classes but also aggregates nodes within the same class
more tightly. This indicates that our Rev-GCL could learn more
discriminative and semantically rich node feature representa-
tions.

2) Intra-Node Feature Correlation Analysis: To further
demonstrate the effectiveness of hierarchical disentanglement,
we visualize the absolute correlation values between the ele-
ments of the extracted node representations on Cora. As shown

(e) MA-GCL
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(f) Rev-GCL

2D t-SNE visualization of Rev-GCL compared with the base model and MA-GCL on two benchmark datasets. The first row and second row correspond

(a) MA-GCL

(b) Rev-GCL

Fig. 7. Intra-correlation visualization of MA-GCL and Rev-GCL, where rep-
resentations are obtained from Cora.

in Fig. 7(a), node feature representations from MA-GCL ex-
hibit high entanglement. Meanwhile, as depicted in Fig. 7(b),
node representations of our Rev-GCL exhibit block-wise cor-
relation patterns, with four red dashed diagonal blocks corre-
sponding to the four levels of encoders used in our experiments.
From the results, we observe that node features within each level
are correlated. Additionally, node features across adjacent levels
show weaker correlations due to reversible multi-column mod-
ules facilitating information transfer between levels. As the lev-
els stack, higher-level node features exhibit higher correlations
with deeper colors, indicating stronger semantic connections and
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TABLE V
COMPARISON OF PARAMETER SPACE AND TRAINING TIME FOR MODELS

Model | Params (M)  Training Time (s)
CCA-SSG 0.66 1.33
MA-GCL 0.39 1.08
Rev-GCL 2.23 1.58

gradually disentangled representations. This preserves complete
multi-scale information for downstream tasks, demonstrating
that multi-column reversible modules achieve hierarchical dis-
entanglement and enhance the model’s feature representation
capability.

F. Space and Runtime Analysis (RQ5)

We further evaluate the parameter space and the running time
of the selection tricks for each epoch of graph contrastive learn-
ing to further analyze the efficiency of our proposed reversible
column disentangled augmentation tricks. Specifically, we com-
pare our proposed Rev-GCL with two latest self-supervised
methods, including CCA-SSG [11] and MA-GCL [34] on the
Amazon-Computer dataset. For our model, we select the multi-
column reversible module with 2 levels and 2 columns as the
encoder. As shown in Table V, due to the multi-column disen-
tangled feature in Rev-GCL, the number of parameters increases
within the method. However, we still observe that the running
time of Rev-GCL is comparable to the latest self-supervised
methods due to the reversible connections, which makes it more
suitable for practical applications.

VI. CONCLUSION

In this paper, we propose a novel framework termed Rev-GCL
for graph contrastive learning, which aims at learning multiple
levels of semantic representations in a disentangled manner for
downstream tasks (e.g., node classification and clustering tasks).
Specifically, we propose a reversible multi-column module as
the graph encoder to obtain hierarchical disentangled node rep-
resentations while preserving the complete input information.
Based on the proposed encoder, we leverage two model aug-
mentation tricks, namely random propagation and asymmetric
column, to ensure a distinct structure between the sibling en-
coders and obtain adaptive contrastive views. In this way, our
Rev-GCL can filter out high-frequency noise while maintain-
ing node representations from low-level to high-level semantics
and gradually disentangle them. We conduct extensive experi-
ments on eight widely-used graph network datasets to validate
the effectiveness of our approach.

We hope our reversible column disentangled augmentation
tricks could provide a new insight for GCL. In future work, we
will attempt to apply this graph network architecture directly
to other applications, such as drug discovery and recommender
systems. In addition to graph representation learning, we are
also interested in replacing the level units of the multi-column
reversible module with other neural networks (e.g., TPNet [72])
to handle more complex non-regular grid data in other domains,
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such as computer-aided geometric design [73] and computer-
aided design/engineering [74].
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